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Abstract

This paper studies the optimal long-term contract when firms and executives learn
about their match qualities through realized performances, which are affected by exec-
utives’ hidden effort choices. Our model is motivated by the empirical observation that
both executive retention rates and compensation in SP1500 companies are influenced
not only by current performance but also by past performance. Due to the interaction
between learning and moral hazard, the optimal contract involves involuntary execu-
tive termination by the firm as a disciplinary device against moral hazard. We then
identify and estimate the learning process of match quality and the cost of executive
moral hazard for SP1500 companies. We also quantify the firm’s profit gain from its

ability to commit to long-term contracts.
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1 Introduction

In executive compensation, short-termism is one of the key incentive misalignments between
the executive and the firm. To resolve this conflict, firms frequently structure executive
compensation packages with diverse vesting periods, essentially forming a long-term contract.
In this paper, we explore the use of executive dismissals as another disciplinary tool besides

compensation for the firm.

2 Literature Review

Our paper contributes to the literature on job search (Jovanovic, 1979; Miller, 1984; Antonovics
and Golan, 2012; Pastorino, Forthcoming). Similar to the setting in Jovanovic (1979), our
model features ex-ante homogeneous jobs, and executives and firms learn about match-
specific executive quality as executive performances are realized. Our model differs from
the existing models in this literature in two aspects. First, in our model, an executive’s
private effort choice affects the realized performance. This implies that the learning process
is endogenous to the hidden action of the executive. Second, whereas in most models, the
separation between a firm and a worker is always a voluntary action made by the worker, in
our model, separation can be involuntary.

More broadly, involuntary termination in the optimal contract between an agent and a
principal can arise for several reasons: the agent has limited liability (Clementi and Hopen-
hayn (2006); DeMarzo and Sannikov (2006)), the agent is risk-averse and providing insurance
through the contract is too costly (Spear and Wang (2005)), or the executive’s realized quality
is lower than that of a potential replacement ((Hermalin and Weisbach, 1998)). We consider
a setting in which agents are risk averse and have access to a sufficiently complete market to
smooth their outside wealth. The incorporation of risk aversion is empirically motivated by
extensive literature that studies the role of risk in compensation contracts, such as Demsetz
and Lehn (1985) and Peters and Wagner (2014). In our model, a firm also uses termination
to deter an executive from shirking. This is facilitated by the firm’s ability to commit to a
long-term contract and the interaction between match quality uncertainty and moral hazard.
This interaction is a central theme in a large body of literature on principal-agent models
featuring symmetric uncertainty and imperfect monitoring ((Holmstrém, 1999; Prat and Jo-
vanovic, 2014; DeMarzo and Sannikov, 2016; Cisternas, 2018; Bhaskar and Mailath, 2019;
Lyman, 2023)). Our paper differs from the existing literature in two key ways: First, we

do not assume a parametric learning process. Second, whereas existing models often require



either risk-neutral executives or firms that can directly control consumption decisions, our
model does not allow firms to control the executive’s consumption, a choice motivated by
both institutional settings and the fact that executives’ consumption decisions are typically
unobservable in data.

In addition, this paper complements the literature on quantifying executive turnover
(Parrino (1997); Taylor (2010); Peters and Wagner (2014); Jenter and Lewellen (2021)). A
central issue in this field is that it is often not observable whether an executive is fired. The
most common approach in the literature, following Parrino (1997), relies on press reports
along with age and other observed characteristics as criteria. In our model, the firing decision
does not need to be deterministic. Our approach allows us to quantify the probability of an
executive being fired as part of the optimal contract.

Our paper also contributes to the empirical literature on dynamic moral hazard models
(Margiotta and Miller, 2000; Gayle and Miller, 2009, 2015). The main difference between our
paper and the existing papers is that we consider long-term contracts instead of short-term
contracts. Our reasons are two-fold. First, in the aforementioned papers, because the current
effort choice is always a sufficient statistic for the distribution of output produced by the
agent, the optimal contract can always be constructed as a sequence of short-term contracts
(Fudenberg et al. (1990); Malcomson and Spinnewyn (1988); Rey and Salanie (1990)). In
contrast, in our model, the distribution of an executive’s performance depends not only on
her contemporaneous effort choice but also on her past effort choices. Therefore, a sequence of
short-term contracts is no longer optimal. In addition, we also add to the existing literature
on long-term contracting, which often does not consider moral hazard and instead focuses
on persistent private information. For example, Hendel and Lizzeri (2003); Hofmann and
Browne (2013); Atal et al. (2020) and Ghili et al. (2021) study the welfare effects of long-term
contracts in the insurance market in which the benefits from using a long-term contract is to
insure consumers against reclassification risks—i.e., the risk of receiving adverse information

in the future.

3 Setting and Data

We construct our data from the Compustat Execucomp database in the period between 1992
and 2022. The Compustat database includes details on executive compensations at SP500
companies in 1992 and 1993 and at SP1500 companies from 1994 to 2022. The dataset

also includes the stock performance of the firms in the SP1500 index. For our analysis, we



restricted attention to chief executive officers only. The two key variables of interest are (1)
each executive’s annual compensation, and (2) firm’s performance.

To calculate an executive’s compensation, we follow the approach outlined by Margiotta
and Miller (2000) and Gayle et al. (2015) which is to include the change in wealth from
previously held options and stocks in the compensation measure. Therefore, an executive’s
total compensation is comprised of two components. The first component, direct compen-
sation, is observed in the Compustat database and includes salary, bonuses, other annual
payments, restricted stock and option grants, and long-term incentive plan payouts. The
second component is equal to the value of options and stocks at the beginning of the period,
multiplied by the firm’s abnormal return. In our benchmark analysis, we compute the ab-
normal return as the difference between the firm’s stock return and the market portfolio’s
return, the latter measured by the S&P 500 return.

To compute the firm’s performance, we use its gross market value, which is equal to the
sum of the market value of the firm and dividends paid prior to executive compensation. We
denote the gross market value at the beginning of period ¢ as \N/t] Because this measure does
not reflect the potential differences across industries, we also construct an additional measure
that reflects the public belief about a firm’s performance. Conditional on the realized gross

market value in ¢ + 1 being v, this measure is constructed as follows:

y:=Pr <‘~/;t+l,j < v!{vf,j}TgtaXt,O

where X, ; denote the set of observed characteristics of a firm, which include industry-fixed
effects, firm size, and the calendar year. Therefore, conditional on the history of the realized
firm performance up to the tenure year ¢, the higher y, the better the firm performs relative
to the shareholders’ expectations based on past performances. Because the dimension of
the conditioning variables increases as t increases, when constructing y, we assume that
the conditional distribution of f/tﬂ,j]f/t’j, X, ; can be characterized by its first two central
moments. We denote these central moments as (M, ;, Ms, ;) and henceforth refer to them
as the prior mean and prior variance of the shareholders’ belief at ¢. Figure 3.1 illustrates
the construction of this performance index.

Table 3.2 presents the summary statistics of key variables in the data. In this table, an
external executive is defined as one who was not employed by the firm one year prior to
becoming an executive, and a large firm as one with a market value greater than the median
value in the data. Most executives in our dataset are hired internally, and approximately

40% of executives separate within the first three years. The value of stocks and options



Figure 3.1: Example of the constructed prior mean, prior standard deviation, and perfor-

mance
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from 1992 to 2002.

represents a significant component of executives’ total compensation; for example, the aver-

age salary and bonus only account for approximately 17% of the total compensation for an

external executive. Firms with short-tenure executives tend to perform better on average

than those with long-tenure executives; however, the former group experiences significantly

higher variations in abnormal returns compared to the latter. Additionally, the compen-

sation variance for executives with short tenures is smaller than that for those with longer

tenures, suggesting that pay for longer-tenure executives is more heavily linked to stocks and

options. Finally, the data show significant variations in compensation across executives.

Table 3.2: Summary statistics

All
External Internal Short Long Large Small  Across-CEOs
tenure tenure firms firms
(<3 (>3
Salary and bonus 1.02 0.92 0.71 0.97 1.09 0.53
(119)  (1.2) (0.93) (1.24) (1.38)  (0.37) (0.74)
Total compensation 4.81 4.35 3.9 4.48 5.55 1.64
(24.14)  (21.51) (14.81) (22.77) (25.82) (3.36) (20.29)
Abnormal return 0.26 0.1 0.32 0.09 0.15 0.04
(7.49) (8.17) (12.99) (6.98) (9.5) (2.51) (6.67)
Performance index 0.5 0.49 0.45 0.5 0.57 0.32
(0.25) (0.23) (0.25) (0.23) (0.21) (0.19) (0.15)
Number of obs. 4272 32643 5185 31730 26030 10885
Number  of  firm- 735 5905 2592 4048 4211 2429

executive pairs

Note: Compensation figures are expressed in millions of 2000 dollars. An external executive is

defined as one who has not worked for the firm in the year prior to becoming an executive. We

classify large firms as those whose market value exceeds the median firm value in the data.



Table 3.3: Coefficients of the regressions of total compensation and retention on performance
index and prior distribution statistics

Total Retention
Compensation
B 2)
Performance index 4.69 1.13
(0.06) (0.09)
External executives -0.43 -0.16
(0.09) (0.13)
Prior mean 1.58 0.02
(0.02) (0.03)
Prior variance -0.63 0.27
(0.03) (0.05)
Performance index x External 0.3 -0.29
(0.17) (0.24)
Prior mean x External -0.37 0.1
(0.07) (0.09)
Prior variance x External 0.94 0.55
(0.13) (0.17)

Note: Total compensation is measured in millions of 2000 USD. Column (1) reports the
coeflicients of a quantile regression that estimates the median value of total compen-
sation, and column (2) reports the coefficients of the logistic regression that predicts
the probability of retention. The variables included but not reported are executive
gender, age, industry-fixed effects, and year-fixed effects. The standard errors are in
parentheses.

In Table 3.3, we explore how past and current performance affect executive pay and
retention. As previously explained, we capture the effect of past performances using the
prior mean and variance of the gross market value, conditional on past market values and
observed characteristics. Because the distribution of total compensation has large tails, we
employ quantile regression on total compensation to minimize the influence of outliers on our
regression estimates. The coefficient estimates from this regression are reported in Column
(1) of Table 3.3. Higher performance and more optimistic beliefs about future performance
are associated with higher compensation. Furthermore, executives are paid more when the
belief about the firm’s performance is less uncertain, as indicated by the coefficient on the
prior variance. However, compared to internal executives, external executives are paid more
amid greater uncertainty about the firm’s performance. Additionally, the pay of external
executives is less sensitive to the prior mean than that of internal executives.

In Column (2) of Table 3.3, we examine the correlation between retention (both voluntary



and involuntary) and past and current performance. Executives are more likely to stay
with the firm when its performance is higher and when the uncertainty in prior beliefs
has not yet been resolved. The retention likelihood of external executives is less affected
by performance; however, this relationship is not statistically significant. Conversely, the
influence of prior beliefs on retention is more pronounced for external executives compared
to internal executives. For example, external executives are more likely to remain with the
firm when the belief about the firm’s performance is more favorable or when there is greater

uncertainty in these prior beliefs.

4 Model

A firm is looking to hire an executive from a pool of potential executives. The executives
are ex-ante identical to the firm; however, executives have heterogeneous match qualities,
which are firm-specific. The match quality between the firm and an executive is unknown to
both parties. Importantly, the match quality positively affects the firm’s gross market value.
We assume that the firm and all executives are infinitely lived. Once hired, let T" denote
the duration of the employment, and t € {0,1,2,...,T} denote a tenure year. The firm can
employ an executive for at most T years, that is, 7' < T, after which the executive retires.
At the beginning of period ¢t = 0, the executive receives a contract offer from the firm
specifying wages {wq, wo, ..., wr}, where w, is the wage received at the beginning of period
t for work performed in period t — 1. We assume that there is a lower bound on expected
wages, denoted by w. The contract also specifies a termination probability {qi, ¢, ..., qr}-
The contract {wy, ¢ }—1. 7 can depend on the firm’s information set at the beginning of

each period, which we will specify in more detail later.

4.1 Executive preferences and consumption choices

The executive derives utility from consumption ¢;. In any period ¢, conditional on the firm
not terminating the contract (D; = 0), the executive can make one of three choices: (1) stay
employed but not exert effort (dp; = 1), (2) stay employed and exert effort (dy, = 1), and
(3) leave the firm (do; = 1). Note that d; = (do4, d1, d) are mutually exclusive. The firm
does not observe the executive’s past and current choices. If the executive is not employed
by the firm, his per-period utility is normalized to 1. Figure 4.1 shows a summary of the

timeline and executive decisions when T = 2.



Figure 4.1: Summary of the timeline for 7' = 2
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where 0 is the discount factor, p is the absolute risk aversion coefficient, and T is the realized
tenure duration. ¢, represents an idiosyncratic preference to work for the firm. We assume
that ¢g = 0, and {¢ }>1 follow a logistic distribution and are independent over time. ag
represents the utility cost of choosing dy; = 1, and «a; represents the utility cost of choosing
di; = 1. We assume that exerting effort is more costly, i.e., aq > ag; however, executive
effort has a positive impact on the firm’s payoff.

The executive has access to a financial market and can choose to smooth consumption;
however, he cannot hedge against the volatility of w;; by purchasing a contingent plan in ¢.
Here, we follow the framework of [citehere], which shows that it suffices to consider a finite
set of financial securities to characterize the optimal financial portfolio of the executive. In
particular, let \; denote the price at time 0 of consumption at time ¢. Let b; denote the price
of a bond that pays a unit of consumption from period ¢ onward, and a; denote the price in
period t of a security that pays the random quantity (In A; — sInd) of consumption in each
period s from period ¢t onward. ! We further assume that the executive and the firm have
perfect foresight about {a;, b }<7.

Let & denote the executive’s wealth at ¢. Let v; = exp(—pw;/b;), which is a measure of

YHe., a; = E,; {Z:it i—*:(ln As — sln(?)}



compensation from working annuitized for consumption smoothing purposes. Let §; denote
the executive’s information set in t. Because past effort decisions and past output realizations
affect the executive’s belief about 0, §; includes the information derived from his privately
observed decisions {d,},<;. When the relationship is not terminated by the firm — that is,
conditional on D; = 0 — let p; denote the probability that the executive chooses to stay
with the firm before realizing ¢;. Under optimal consumption decisions, the executive value

function prior to € being realized is given by
— Abrexp (—(as + p&)b; ") (AdlS)) (2)

where

—1 31
Ar = (1—p) + piy [eXP(—th;Hdz,t = 0)} min {Oégt E, (Ut+1 [Qt—H +(1- Qt+1)At+1|d0,t = 1;5:])1 " )
—1

O/{t Ey (Ut-l—l [Qt—H + (1 - Qt+1)At+1|d17t =1, Sg“])l_bfl}

Intuitively, the first component of A; is the continuation value from not being employed by
the firm, and the second component of A; is the continuation value from being employed by
the firm at the optimal effort level. Henceforth, we refer to A; as the continuation value in

period t.

4.2 Contracting problem

We assume that the firm wants to implement a contract that encourages the executive to
work in all periods prior to the termination of the contract. Because the effort decision is
private and, therefore, not contractible, the contract set by the firm must satisfy an incen-
tive compatibility constraint. Let S; denote the firm’s information set at ¢. The incentive

compatibility constraint in period ¢ is given by:

agbt_l)flEt (vt+1 [Qt—H +(1- Qt-&-l)At-l—l‘dlvt - l’StD
< a(()btil)ilEt (e [qern + (1 = Qt+1)At+1|d0¢ =1,8]) (16)

In addition, the firm needs to meet the executive’s participation constraint. In period 0,

there is no privately observed preference shock. Therefore, the participation constraint in



period 0 is given by

by — -1
Oég N (Vi1 (g1 + (1 = 1) Ara]) < 1 ({Ro)
In subsequent periods, because ¢; is not observed by the firm and is unbounded, the partic-
ipation constraint is set such that the executive will stay with the firm with a probability
pi. Let € denote the threshold at which the executive, under the equilibrium strategies

(dy+)r<t = 1, is indifferent between staying with the firm and quitting.
71 —mabe 1-b '
exp(—e€;b, *|day = 0)ay" Ep (ver (g1 + (1 — qey1) Aria]) =1

Therefore, p;, = Pr(e; > €f). Let F'(-) be the quantile function of e. Define w,(p) :=
exp(F71(1 — p)(by — 1)71). The participation constraint in ¢ > 1 is given by

Oégbtil)ilEt (Vg1 (@ + (1 = Qt+1)At+1|d1,t =1,8]) < ﬂ(pt’dl,t =1,8) (IR)
Let f/tﬂ denote the firm’s gross market value at the beginning of t+1 before paying executive
compensation, and let V,,; denote the net market value. The distribution of V.., depends
on the information set of the executive S; and his private decisions d;. At ¢t = 0, V4 is the
firm’s initial market value before hiring the executive. Let Vp_; denote the market value
of the firm if the executive is replaced at the beginning of period ¢. Because there is a 1-1

mapping between w; and v;, we formulate the firm optimization problem as follows:

Vo = max Eo
(pt,vt+1,q¢+1]5t)

Z At [1:[(1 - Qt')Pt’] [(1 - Qt)Pt(VH-l — Vi —wi)|Se| +[1— (1 — q)pe] Vir=s

t=0 =0
(P)
subject to (I Ry), (IR), and (IC)

4.2.1 Relaxing the IC constraint

As shown in (/C'), in deciding whether to exert effort in period ¢, the executive must take into
account the continuation value of each decision. Because the optimal contract satisfies (1C)
for all future periods, if an executive chooses the equilibrium action d;; = 1, in computing
Aii1|(dyy = 1), it is without loss to assume that the executive will always choose {dy ; } -t = 0
. On the contrary, if the executive chooses not to exert effort (dy; = 1), his information set

is different from that of the firm. Therefore, the IC constraints in future periods are not
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necessarily satisfied, and the optimal future path of actions might involve the executive
choosing dy, = 1 for some 7 > ¢.
Therefore, to simplify the problem, we consider a relaxed problem for the firm in which

the IC constraint is replaced by the following constraint.

ai/(bﬁl) (Et (UtJrl [Qt+1 + (1 - qt+1>At+1] |d1,t = 1,815))
< aé/(bt—l)Et [Ut+1 (Qt+1 + (1 _ Qt+1) (At+1‘do,t =1, {do,r}r>t = O,St))} (I~C>

Intuitively, (IC) is weaker than (IC)) because the RHS of (IC') assumes that, conditional
on choosing to shirk in period ¢, the executive cannot choose to shirk in any future periods.
Therefore, the RHS of (IC) is always weakly greater than that of (IC)), and constraint
(IC) implies constraint (IC). Figure 4.2 illustrates the difference between the relaxed IC
constraint and the original IC constraint for the firm. In the relaxed problem, we restrict
attention to only one-shot deviations and omit the green portions of the decision tree when
considering the executive’s incentive constraints. In Appendix 777, we show that it is without
loss to consider the relaxed problem under a sufficient set of conditions on how the latent
match value affects the distribution of the gross market value V. Essentially, these conditions
are satisfied if: (1) an executive who previously shirked always possesses a belief regarding
the match value—and consequently, the firm’s future payoff—that is superior in a first-order
stochastic sense compared to the firm’s own belief; and (2) motivating an executive to exert
effort becomes easier when their match value is higher. In section 4.2.4, we also illustrate

this result using a parametric example.

4.2.2 Necessary conditions

Let A[€|S, and M %|S; denote the Lagrangian multipliers associated with the IC and IR
constraints in period ¢, respectively. Let A?°|S, and A\'!|Sy denote the Lagrangian multipliers
associated with the constraint that ¢; > 0 and ¢; < 1. Let \;*|S; be the Lagrangian multiplier
of constraint w; > w. Because the idiosyncratic preference shock ¢; is unbounded, p; is always
an interior solution (i.e., p; € (0,1)). For notational convenience, we normalize A\/¢ and A%
by dividing them by the probability of reaching &, i.e., Ht;:lo pr(1—q)(1 —q).

For 7 <'t, define

StT = (St, {dlvt/}tlf’r,t/gt - 1, d].,T - 0)

11



Figure 4.2: Illustration of the difference between the full problem and the relaxed problem
for the firm
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S/ is the information set of an executive who shirked only in period 7 at the beginning of
t. g/ is the likelihood ratio of gross market value in ¢ when an executive shirks in period 7
relative to when an executive exerts effort in all periods including ¢. A7 is the continuation
value of an executive whose information set is S7.

Define:

Kt,O = P\fR + )‘I{C} a}/(bhl)vtﬂz‘ltﬂ - Agca(l)/(btil)vtﬂz‘l;ﬂgt (3)

Kt,l = P‘{R + )‘{C} O‘i/(btil)vtﬂ - Agcaé/(btil)vtﬂgt (4)

K, represents the marginal change in the IC and IR constraints in ¢ with respect to v;44
multiplied by v;1; when the executive is not fired in period ¢ 4 1, and K;; represents the

same marginal change when the executive is fired in period ¢ + 1.
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The optimal contract must satisfy the following first-order conditions.

0 =phi = [(1 = @) Kio + G Kin] = (1 =)' ) [H(l - qT)Pr] (1 = qus1) K o)

tr<t Lr=t/ 41
(FOC,)
0=—-\ <ptEt [‘7t+1 — w1 — Vi + M1/ MVier — VT,T:t):D
¢
0
> A= a)p-| 5= (1= quar) Kvo + quia K a) = A+ A (FOC,)
/ ’ aqt
t<t Lr=t
0= M\E, [Vtﬂ — Wi — Vi + A1/ AVip1 — VT,T:t)] + AfRQ/(pt) (FOC,)

(FOC,) is the FOC w.r.t v;;1 multiplied by v;y1. The first term in the LHS of (FOC,)
is the marginal reduction in wage expenses by offering a higher v, and thus a lower w; ;.
The second term is the marginal effect of increasing v;.; on the IC and IR constraints in
period t. The last summation is the aggregate marginal effect of increasing v,,; on previous
periods’ IC and IR constraints.

(FOC,) is the FOC w.r.t ¢. The first term in the LHS of (FOC,) is the difference in
the expected profit of the firm when the probability of firing increases. By retaining the
executive, conditional on the executive subsequently choosing to stay, the discounted profit
of the firm is the expected dividend in period t, represented by f/t+1 — V; — w41, and the
market value of the firm in ¢ 4+ 1, which is V;,;. If the executive is replaced, the firm’s
discounted profit is its market value under a new executive Vpp—,. In addition, by firing
the executive, the IC and IR constraints of previous periods are also affected, which are the
remaining expressions in (FOC,).

Finally, (FOC,) is the FOC w.r.t p;. A decrease in p; has a direct effect on firm profit
similar to that of an increase in ¢;. In addition, lowering p; reduces the cost of meeting the

executive’s IR constraint, which shows up as the second expression in (FOC,).

4.2.3 Characterizations of the optimal contract

In the optimal contract, involuntary termination occurs for two reasons. First, the firm will

terminate the contract with an executive who generates a lower expected payoff for the firm
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than that of a newly hired executive by choosing ¢; = 1. Second, for an executive whose
performance is in an intermediate range, the company will terminate the contract with some
positive probability ¢ € (0,1) to discourage the executive from shirking. In our model,
an executive has the incentive to choose low effort (dp;—1 = 1) in period ¢ — 1 to (1) save
the non-pecuniary cost of effort and (2) earn a potentially more favorable contract in the
future after a low-performance realization. When setting the contract for an executive with
a low past performance, the firm might choose a high-power contract—i.e., rewarding more
for good performance—in anticipation that the executive has a low match type. This future
compensation path provides a higher payoff for an executive who has previously shirked than
for an executive who did not. Therefore, a positive firing probability in period t provides a
greater punishment for an executive who has shirked in £ — 1 than for an executive who has
not previously shirked. On the other hand, an executive whose performance is sufficiently
high is unlikely to have shirked and, therefore, will not be terminated by the firm. The

following proposition formalizes these arguments.

Proposition 1. Conditional on the firm’s information set at beginning of t — 1, S;_1, there
exist thresholds of gross market value Et and ‘:/} such that the contract is terminated with
certainty in t if and only if V, < Zt, and the contract is terminated with some probability
q: € (0,1) if and only if Vi1 € (Et, ‘:/;) When V, > ‘:/t, the executive is never fired — i.e.,
q = 0.

Under the assumption that the distribution of f/t|8t_1 has full support with a continuous
and differentiable density function, the necessary conditions ((FOC,), (FOC,), (FOC,))
are all continuous and differentiable functions of V;. Because p; is always interior, it is also
differentiable and its slope at fft is always positive. Similarly, ¢; is also differentiable when
¢ € (0,1). However, the left-derivative of ¢(-|S; ;) at v, is negative whereas its right-
derivative is equal to 0. Therefore, the retention probability, defined as p; := (1 — ¢;)p;

exhibits a kink at V;. The following Proposition summarizes this argument.

Proposition 2. Conditional on the information set Sy, q and p; are continuous functions

of Vi. Furthermore, the retention probability p, == (1 — q;)p; exhibits a kink only at V.

Figure 4.3 provides an illustration of Proposition (2). Here, we show the voluntary
termination probability (1 — p;) in red, the firing probability ¢; in blue, and the separation
probability 1 — p; in black. The probability of separation has two components: (1) the
probability that the executive is fired ¢; and (2) the probability that the executive leaves
the firm voluntarily if not being fired (1 — ¢)(1 — p;). At V; < V,, the firing probability is

14



Figure 4.3: Illustration of the optimal separation probability

v, Vi VilS)
Note: The dashed red curve represents the quitting probability 1 —p;. This probability
is not defined when an executive is fired with certainty (below V,). The dashed blue
curve represents the firing probability ¢;, which is equal to 1 for low outcomes V; < Zt
and equal to 0 when the executive’s performance is sufficiently good (V; > Qt) the

solid black line represents the separation probability in the data, which is equal to
1 —pe(1—qr).

equal to 1, and at V, > fft, the firing probability is equal to 0. The kink on the separation
probability happens at V;.

4.2.4 A 2-period parametric example

To make the exposition clearer, let 6 denote the match value between the firm and the
executive. Let the prior belief about § be U[0,1]. Let the performance of an executive be
denoted by x; € {0, 1}, where z;|(d;; = 1,0) is equal to 1 with probability 6 and equal to 0
with probability 1 — 6. Conditional on dy; = 1, z; is 0 with certainty. The market value of
the firm prior to hiring the executive is Vy = 0. Once the executive is hired, the gross value
of the firm is ‘z_i_l = V, + Va,. When the executive is replaced, the firm value is V. We
assume that the firm cannot pay a negative wage, that is, w = 0.

Using Bayes updating, we show that conditional on zy = 1 and d; o = 1, the posterior
belief about 6 has density equal to 20. Conditional on zyp = 0 and d; o = 1, the posterior
belief about @ has density equal to 2(1 — ). Therefore, Pr (21 = 1|(zg = 1,d1 o = 1)) = 2,
and Pr(z; = 1|(xg =0,d1p = 1)) = % On the other hand, conditional on dyy = 1, the
observed output does not contain any additional information on 6. Thus, conditional on the
executive having bad (good) performance in period ¢ = 0, the expected gross market value
of the firm in period t = 1 is 1/3V (2/3V). We focus on the case in which the firm might
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want to retain the executive despite having an initial bad performance by assuming that the
firm’s gross market value in this case is still higher than the net market value from hiring a
replacement, i.e., 1/3V is higher than Vyr—; — Ao/ Vir—a.

We make two observations. First, conditional on x; = 0, (w;|S;) = w for both periods
(t = 1,2). Because setting wsy|(x; = 1) = w is not incentive compatible, it is without loss
to ignore the constraint ws|(zy = 1) > w. Second, we focus on the case in which «y is
sufficiently high that an executive will not accept an offer with a constant wage w. This
implies that both the IC and the IR constraints in period ¢ = 0 hold with equality.

Consider ¢ = 1. Conditional on z¢, (/C') simplifies to:

o oy Pr(ay = 1fdyy = 1,87) + Pr(ay = 0ldyy = 1,87)] < i) (5)
When zy = 1, the IC constraint is equivalent to
vy < 1.5 (ozo/al)(brlr1 - 0.5 (6)
Whereas, conditional on zy = 0, the IC constraint becomes
vy <3 (ozo/ozl)(brl)_1 -2 (7)
Now, consider ¢ = 0, (/C') can be rewritten as:

_1y-1
o™ (0501 (g1 + (1= @) Ar|er = 1,dig = 1)+ 0.5 (g1 + (1 — 1) Ay |21 = 0,dy o = 1)]
_1y-1
< Oé(()bo b (Ch + (1 — ql)A1’$1 = 0, d070 = 1)

(8)

Our first result shows that it is without loss to consider the relaxed IC constraint (fC),

which imposes that the executive never finds it optimal to shirk more than once.

Proposition 3. Consider a contract that sets vo|z1 = 1 such that it satisfies (7), then the

same contract is incentive compatible for an executive who had previously chosen dyo = 1.

Proof:
Conditional on dyo = 1 and x; = 0, the contract at t = 1 satisfies the IC constraint in period
1if

(%) S 2(040/061)(b1_1)_1 -1 (9)
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Because (ag/a;)® D™ < 1, the inequality in (7) implies (9). W
The following results establish that it is optimal not to fire an executive after a good
performance (zg = 1). However, when the cost of incentivizing the executive against shirking

is high (i.e., when ay/ayg is large), it is optimal to fire an executive after a poor performance

(ZEO = 0)
Proposition 4. The optimal contract has the following properties:
e The executive will not be fired after a good performance, that is, qo|(xg = 1) = 1.

o When the cost of effort, represented by oy /g, is sufficiently large, the executive is fired
with probability 1 (q1|(xg =0) =1).

o When the cost of effort is in an intermediate region, the executive is fired with a strictly

positive probability. That is, 0 < q;(zo = 0) < 1.

Proof:
The proof is provided in Appendix A. W

Intuitively, setting a positive firing probability is useful only if it helps to satisfy the IC
constraint in period 0. However, because the executive is risk-averse, setting ¢; > 0 causes
the participation constraint to be more stringent, requiring the firm to increase wages w;
and/or wy to meet the participation constraint. Following a good performance xy = 1, the
firm is certain that the executive did not shirk in period ¢ = 0; therefore, it is optimal to set
q1|(z1 =1) =0.

On the other hand, xqg = 0 is likely to occur when an executive shirks in period ¢ = 0.
Following this deviation, the firm’s belief about the executive becomes more pessimistic than
the executive’s own belief. Specifically, the firm believes that, conditional on the executive
putting in effort (choosing d;; = 0), the probability of achieving a high output in ¢t = 1 is
only 1/3, in contrast to the actual probability of 1/2. Consequently, the executive anticipates
a higher expected utility in period ¢ = 1 if he chooses to shirk in ¢ = 0. In this scenario,
choosing a positive probability of firing acts as an effective deterrent against moral hazard,
as the utility loss from being terminated is now greater for an executive who has shirked
compared to one who has not. However, since implementing a positive firing probability is
also costly for the firm, it is more inclinced to resort to choosing ¢; > 0 when motivating
the executive through wages alone becomes more difficult, i.e., when the ratio ay/aq is

sufficiently large.
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5 Identification and Estimation

5.1 Identification

In this section, we assume that we observe a sample of homogeneous firms and ex-ante
homogeneous executives.? The primitive objects of our model are the parameters that govern
the preferences of the executive {ag, a1, 3, p} and the likelihood ratio of the firm’s gross
market value when the executive deviates from the equilibrium actions (d; ; = 1), which are
{97 }r<t|St. We assume that S; = {VT}OSTSt, and is order irrelevant. In addition, because
we do not observe bunching in the lower support of w;;; in the data, we assume that the
constraint w; 1 > w does not bind. Consequently, this implies that ¢; € [0, 1).

Specifically, we observe S, ‘71:+1, Vii1, wey1, whether an executive stays with the firm,
and the prices of financial securities (a¢, by, ;). We do not observe whether an executive was
fired. From the data, the distribution of (‘775+1|St, dis = 1) and (w41|St), and the retention
probability p; are identified.

From Proposition 1, there exists a change point in the graph of p,.1|(+,S;) at XZH, which
is also identified from the observed retention data. Therefore, the indicator variable 1, ,—|S;
is identified.

Our identification argument proceeds as follows. We first identify a; and p using the

qt+

information on compensation in the period immediately before mandatory retirement (¢ =

T —1). In this period, the firm does not set a positive firing probability; therefore, p; = p;.
In addition, the continuation value A;.; is always equal to 1. Therefore, at t = T — 1,
the identification problem is similar to that of a risk-averse executive facing a lottery of
compensation and prefers the lottery over an outside option with probability p;. Because
compensation depends on &;, there is variation in the distribution of the lotteries’ payoffs

across different S;. The following assumption requires that this variation is sufficiently rich.

Assumption 1. There exist realizations s and s’ of S; such that the likelihood ratio between
the distribution of compensation wy1|(Si—1 = s) and that of w1|(Si—1 = &) is monotone

1M Wiyq.

Assumption 1 states that there exists two realizations s and s’ of .S; such that the like-
lihood ratio between the distribution of compensation in ¢ + 1 (before V,,; is realized)

conditional on s and that conditional on s’ is monotone. For example, if the distribution

2In Section ??, we explain how our estimation procedure takes into account observed heterogeneity across
firms and across executives.
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of wyyq|s first-order stochastic dominates w;,1|s’, Assumption 1 is satisfied. In addition,

because w;,; and S; are observed, this assumption can be tested.
Proposition 5. Under Assumptions 1, ay and p are identified.

Next, we identify A;|Sy, Vi, AY|S,, Vi, 99180, q1/So, and ag using the data at ¢ = 0. For
notational convenience, we drop the conditioning variables whenever it does not give rise to

confusion.
Proposition 6. Ay, AV, g3, q1, and ag are identified.

Proof:
From the FOCs w.r.t v; and ¢; and the expected value of the FOCs w.r.t v, we obtain the

following equations:

0=X—qKo1—(1—qi)Koo (10)
0=—pi\ [E (\N/g —wy — V1 + )\2/)\1‘/2|5f> — VT,T:1] — Koq + Koo — )\8’1 +A (1)

0=Mp1i — MPu(p) — AT+ MO (A = (1= p1) + XA = (1 —p)))gs  (12)

Taking expectation of (10) over vy yields 0 = Ao — AJ¥. therefore, N} = X\g. We then

consider w; — w, which implies gg — 0. Therefore, A} + A\ is identified and is equal to:

-1
AR 4N = Ngay /o) { Jim lel}

Thus, both \J% and A} are identified. Because there is an identified 1-1 mapping between
A; and p; and between AY and p?, the remaining objects to be identified in (10)-(12) are
{9, Ay, A%} and {NF XY Using similar arguments as in the identification argument for
ME and MY, {ME NC) are also identified if A; is identified.

Now, we show that {gJ, AJ, A;} are identified. Because 1,,_¢ is identified, we consider two
separate cases. In the first case, ¢ € (0,1), and A?*° = 0. Multiply (11) by (1 —¢) and add
to (10):

0= X — D1\ E(VQ —wy — Vi + X/ MVa|ST) — Viror | — Ko (13)

Ky, is thus identified from (13); therefore, g is also identified. For a given value of Ay, ¢ is

identified and is equal to 1 — p;/p;. In addition, (10) identifies A? as an increasing function
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of A;. In the last step, we show that (12) is a monotonic function of A; using Lemma B.3
in the Appendix. Therefore, A; is also identified.
In the second case, ¢; = 0, therefore, A; is identified from p; = p;. (12) then pins down
(AY—(1—pD))gs, and AVg] is identified from (10). From Lemma B.3, A?+1?_p?) is monotonic
in p?, therefore, both p! (and thus A{) and g are identified. W

In subsequent periods t > 0, the identification argument follows a strong induction

argument.

Proposition 7. If {a1, ag, p} and {A7 1, Ari1, qri1, 7 N9 MO o< are identified, then A7, giyo,
M M (971 r<ei are identified.

The proof is included in Appendix B.1. Here, we utilize the observations that there exist ¢
different values of S; that produce the same set of likelihood ratios {g; },<; and continuation
values (Agy1, {A7, }-<i). For example, at t = 3, S; = (Vi, Vs, V3) and S| = (V3, V4, Va) yield
the same {¢] },<3 and (A4, {A]}-<3). Therefore, we have a system of 2¢ + 1 equations, which
include ¢ FOC w.r.t ¢;»1 and v;4 and an expected FOC w.r.t v;45. This system of equations
have 2t 4+ 1 unknowns, which are {A;41, {A]1 }-<t, {97 }-<¢}. In the proof, we show that this

system of equations has a unique solution.
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A  Proof of Section 4

A.1 Proof of Proposition 4

Proof of statement 1 of Proposition 4:

With some algebra, (FOC,) can be expressed as

0= —p1(1 — (]1))\1 []E(V(L’l — w2|8f) — (‘/1 — )\2/)\1‘/2)} + )\0 — ()\(I)C + )\(I)R) Oéli(T V] + )\600580_ 0198 + )\ql,O
(14)

The first term in (14) represents the marginal loss in profit for the firm from firing the
executive. The next three terms (Ag— (/\{)04—/\{)3)@?511}1 +A{)Ca851v1 go) represent the impact of
¢1 on the incentive compatibility constraint and the participation constraint of the executive
in period 1.

Conditional on g = 1, g5 = 0. Therefore, (14) simplifies to

0 = —p1(1 — ql))\l [E(Vxl — U)2|Sf) — (Vi — )\2//\1‘/2))} + /\0 — (/\éc + /\éR) Oétl)o_ U1 + >\q1,0
(15)

Conditional on zy = 1, (FOC,) simplifies to
—1
0= Xovr! — (N + Nl g + (1 — q1) Al (16)

Because A; < 1, (Ao — (A + )\(I)R)all’alvl + /\écag"_lvlgo) < 0. Combining (16) and (14)
implies A?* > (. Therefore, ¢;|(z; =1)=0. A

Proof of statement 2 of Proposition 4:

To incentivize the agent to work, conditional on o = 0 and x; = 1, (9) must hold. However,
as ap/a; — (0.5)71 the RHS of (9) approaches 0, which implies wy — co. Therefore, the
firm cannot induce the executive to work, and thus E(z|zg = 0) = 0. This implies that the
firm is better off replacing the executive by setting ¢; = 1. W

Proof of statement 3 of Proposition 4:

Conditional on choosing dy = 1 and obtaining zy = 0, the executive’s continuation value if

he stays with the firm at the beginning of period 1 is given by:
5 .
E(exp(—e1by |dar = 0))alt (0505 + 0.5)' ™" (17)

Conditional on choosing d; = 0 and obtaining zy = 0, the executive’s continuation value if
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he stays with the firm at the beginning of period 1 is given by
—1 _
E (exp(—erby ! [doy = 0) o (1/3v, +2/3)' %

In period ¢ = 0, the IC and IR constraints both bind. Therefore:
-1
0480 (1 + (1= q)Ai(zo =0,doo =1)) =1

CY?O [O.5(U1A1|l’0 = 1) + O5(ql + (1 — Q1>A1(£E0 = O, dLQ = 1))] =1

Therefore,

—1

Ai(zo = 0,doo =1) = [%—bo - c]1] (1-q)™
Combining the FOC w.r.t v;|(zo = 1) and (20)

—1
(NC + )\(I)R)a?(’ = vy A (2o = 1)1

-1 —1
=)\ [2@1 o _ (r+ (1 —q)Ai(ro=0,d1 o= 1)]

Combining the above equation and the FOC w.r.t ¢; yields

0=—p1(1—q)M [E(Var —wo|ST) — (Vi — Ao/ MVa)] + Ao
— (N + ARy ol +20Cap 4 xn?

Therefore, if ¢;|(zg = 0) = 0 is optimal, the following must be true at ¢; =0

by

_pl)\l [E(Vl‘l — w2|8f) - (Vi - )\Q//\l‘/g)} + /\0 - (/\éC + /\éR) (0% S 0

Note that

(18)

(21)

(24)

(25)

0 Z LHS(25) Z —>\1 (1/3‘7 — (VT,Tzl - /\2/)\1VT,T:2)) + )\0 — /\0 |:2041_b0 — Al(ZL‘O == 0, d170 == 1)_

Z —>\1 (1/3‘7 — (VT,Tzl — /\2/)\1VT,T:2>) + /\0 — /\0 [20&;b0 — Al(l’o = 0, d070 = 1)

_ -1
= A (1/3V = (Virey — Ao/MVirres)) + Xo — Ao [2041 b
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_ —b
HOWGVGI‘, for Oé()/Oél < [2 — (—)\1//\0(1/3V — (VT,TZI — )‘2/>‘1VT,T:2)) + 1) by 1i| 0 the last

expression in (26) is positive. Therefore, this is a contradiction. W

A.2 Proof of Proposition 5

Proof of Proposition 5:

Let t = T — 1. Suppose that there exist (a1, p) and (&, ) that can rationalize the data,
where oo # & or p # p or both. Because A7 = 1, from (I R), the following equality must hold
for both pairs (ay, p) and (ay, p) at any (S;).

w(pr|S;) = E (o exp (—puiss /busn)) (27)

u(plS7) = E (1 ® 0" exp (—puesa /b)) (28)

Without loss of generality, we assume that p > p. Thus, a; < a;. Taking the difference

between the RHS of the previous equations:

E [O‘Ebtfl)_ exp (—pwes1 /b)) — 6"V exp (—pwesr /b1 |Sf—17‘~/t} =0 (29

(be—1)~1

Denote A(w) = oz%bt_l)il exp (—pw/biy1) — ay exp (—pw/biy1). With some algebra, it

can be shown that A(w) crosses 0 only once from below.

Let fo(-|(S;_,, Vi) denote the distribution of compensation. Under Assumption 1, there

exists s, s’ such that % is monotone. Let w denote the upper bound of the support

of wi1|Si11 € {s,8'}. WLOG, we assume that the likelihood ratio is decreasing, which
implies that w is the upper bound of the support of wy1|S;1 = . Consider (29) at

(S =4):

T e s o el T
| = [ A, o ok (30)
— 0= [ [ AW e wiz‘f( ’Vft;dw (31)

where (31) uses integration by parts and (29). Because A(w) crosses 0 only once from
below, [ A(w') fu(w'|[(Sf_y, V)dw' < 0 for any w’ < @. The likelihood ratio is decreasing;
therefore, the LHS of (31) is strictly positive. This is a contradiction. W
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B Proofs of Section 5

First, we establish the following lemmas. The proofs of B.1 and B.2 follow directly from the

definition of K, 1 and are therefore omitted.

Lemma B.1.

0 0 Ao — (1 —pr)
1—g¢q — Ky o4 v —K; 10=(NE + X)) v : v
( t+1)aQt+1 oo Hlavtﬂ o ( =t ! 1) 'E [Ut+1(Qt+1 + At+1<1 - Qt+1))] !
Atfl - (1 _ptfl)
— A = t Veprgr !

E [ve1 (g1 + Ajp1 (1 — @)
Lemma B.2.

0

Ot

E, [ K} = O A0 (Ao — (1= pr) = MG un(AL — (1— b))l

Lemma B.3. For any t, Ay — (1 — p) is increasing in p;.

Proof of Lemma B.3:
Let €; denote the threshold of ¢; at which the executive is indifferent between staying and
(voluntarily) leaving. Therefore, €f = F-1(1 — py).

0

a—pt(At — (1 —p1) =exp(—€;) fe(€;) — E [exp(—eb; ')l > €] prexp (—eby ') by ' fe(ef)

> exp(— o) — [ expledi ) len)de

"
€t

>0

where the first inequality is because b; > 1. R

B.1 Proof of Proposition 7

Proof of Proposition 7:

When p; is identified, AI® is identified from the FOC w.r.t p;. In addition, as wy,; — W,
gf — 0 and ¢41 — 0. Therefore, lim,, , 5 Ary1 and limy,,, e %KT,O(S;‘LS;, ‘~/t+1) are
identified for any 7 < t. From the FOC of v, as w; 1 — w:

0= )\t - ()\I{R + /\{C)Oé}/(bﬂrl_l) < lim Ut+1At+1>

W41 —W
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t—1

—Z lim v 1Ky lim

wt+1—> W1 =W OV q

Ko (32)

Therefore, AI¢ is identified from (32).
To shorten notation, let AIl, = E, [‘N/tﬂ — w1 — Vi + M1 /A Vi1 — VT7T:t)]. Adding the
FOC w.r.t v;41 and the FOC w.r.t ¢;.1 multiplied by (1 — ¢;41) yields:

0= )\t ()\IC + )\IR) /(b= 1) 1+ )\IC 1/(bt I)Ut_i_lg; - AtAHt + )\Qt+170

t—1 t—1
0Ay A, — (1 - pt)
i E AMEB 4 \IC t ¢
b+l t; (A7 T )tll:[ﬂ OAy 11 E 01 (g1 + A (1 — qega)]
t—1
OAT, Al — (1= pj)
e t U (33)
H+1 OA] 1 E 01 (g1 + ATy (1= o) tH]

In (33), the terms that have not yet been identified are A% and (g7 ), <.
As noted in the main text, there exists ¢ values of S; that yields the same (g]),<; and
{47, <, Rewrite (33) as follows:

t
> om0 =15 = A8 (34)
=0

where my, . > 0, and my, . and I§, are already identified.

Similarly, we rewrite the FOC w.r.t vy, as follows:

t
— A1l —q1) + Z m?st,f(l — @) AL 9] = l?st (35)
T7=0
where mg, .13, > 0 and ms, , and Is, ; are already identified.
Consider the FOC w.r.t v4,5 and taking expectation over v; 5. This equation can be rewritten

as:

t

MR u(pe) + Y md, (AT — (1= p)))gl =1 (36)

=0

where m}, . > 0 and I3 are all identified.
Conditional on A;,; being identified, ¢, is identified. Therefore, the system of equations

n (35) identifies A7, g7 for any 7 < t. From (34), g/ is a linear identified mapping of
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{A1+19(8;)}. Combined with (33), {\%+10(S;)} is identified. Therefore, conditional on Ay,

being identified, {¢7}.., and {A],,},<; identified.

Now, we show that At; is identified. If there exists S; such that ¢,,1 = 0, A;44 is identified.

We now consider the case for which ¢;y1 > 0 for all ;. In this case, (34) identifies g because

A+1:0 = 0. From (35), A7, is an identified increasing function of A;1y. From Lemma B.3,
T (1 —py) is increasing in p7, and is therefore decreasing in A7, ; and A;,. Therefore,

t+1
the LHS of (36) is an increasing identified function of A;y;. Thus, A, is identified. W
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