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Competitive Equilibrium
Competitive equilibrium

Competitive equilibrium is the bedrock of economics:

Consumers reveal their preferences through their choices (founded upon
the three axioms of reflexive, transitive and continuous preferences);
Given the price of each commodity, consumers and producers buy or
sell as many units as they wish (individual optimization);
At those prices the market for each commodity clears, supply matching
demand (existence of equilibrium).

A competitive equilibrium:

exhausts the gains from trade
attains Pareto optimality in a private-goods economy with complete
markets (all commodities are traded)

Before analyzing market microstructure, does the data reject:
1 the allocation competitive equilibrium predicts?
2 the complete markets hypothesis?
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A Representative Consumer Model
The consumer optimization problem

Suppose there are J financial securities.
Let ptj denote the price of the j th security in period t consumption
units, and qt−1,j the amount a consumer owns at the beginning of the
period.
Let rtj denote the real return on assets purchased in period t − 1.
The investor’s budget constraint is:

ct +
J

∑
j=1
ptjqtj ≤

J

∑
j=1
rtjpt−1,jqt−1,j

At t the consumer maximizes a concave objective function with linear
constraints, choosing (qs1, ..., qsJ ) to maximize:

u (ct ) + Et

[
T

∑
s=t+1

βs−tu (cs )

]
subject to the sequence of all the future budget constraints.
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A Representative Consumer Model
First order conditions for portfolio choices

Nonsatiation guarantees:

ct =
J

∑
j=1
(rtjpt−1,jqt−1,j − ptjqtj )

The interior first order condition for each k ∈ {1, . . . , J} requires:

ptku
′
(

J

∑
j=1
(rtjpt−1,jqt−1,j − ptjqtj )

)

≥ Et

[
ptk rt+1,k βu′

(
J

∑
j=1
(rt+1,jptjqtj − pt+1,jqt+1,j )

)]

with equality holding if qtj > 0.
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Portfolio Choices in Competitive Equilibrium
The fundamental theorem of portfolio choice (Hansen and Jagannathan, 1991)

Substituting ct and ct+1 back into the marginal utilities and
rearranging yields the fundamental equation of portfolio choice:

1 = Et

[
rt+1,k β

u′ (ct+1)
u′ (ct )

]
≡ Et [rt+1,kMRSt+1]

Recall from the definition of a covariance:

cov (rt+1,k ,MRSt+1) = Et [rt+1,kMRSt+1]− Et [rt+1,k ]Et [MRSt+1]
= 1− Et [rt+1,k ]Et [MRSt+1]
= 1− Et [rt+1,k ] /rt+1

where the second line uses the fundamental equation of portfolio
choice, and the third the definition of the risk free rate.
Rearranging this equation gives the risk correction for the k th asset:

Et [rt+1,k ]− rt+1 = −rt+1cov (rt+1,k ,MRSt+1)
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Portfolio Choices in Competitive Equilibrium
Estimation and testing (Hansen and Singleton, 1982)

For any r × 1 vector xt belonging to the information set at t and all k:

0 = Et

[
rt+1,k β

u′ (ct+1)
u′ (ct )

− 1
]
= E

[
rt+1,k β

u′ (ct+1)
u′ (ct )

− 1 |xt
]

and hence:

0 = E
{
xt

[
rt+1,k β

u′ (ct+1)
u′ (ct )

− 1
]}

Given a sample of length T we can estimate the 1× l vector (β, α)
for a parametrically defined utility function u (ct ; α) by solving:

0 = AT
T

∑
t=1
xt

[
rt+1,k β

u′ (ct+1; α)
u′ (ct ; α)

− 1
]

where AT is an l × r weighting matrix.
Clearly this estimator easily generalizes to any number of assets with
an interior condition.
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Representative Consumer Model
Estimates from aggregate consumption data (Hansen and Singleton, 1984, Table I)
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Representative Consumer Model
Estimates from aggregate consumption data (Hansen and Singleton, 1984, Table III)
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Representative Consumer Model
Interpreting estimates from aggregate data

To interpret these results, lifetime utility is:

∞

∑
t=1

βtu (ct ) = (1+ α)−1
∞

∑
t=1

βtc1+α
t

NDS (nondurables plus services)
ND (nondurables)
EWR (NYSE equally weighted average returns)
VWR (NYSE value weighted average returns)
Chemicals, transportation and equipment, and other retail, comprised
the three industries.

Note that:

10 out of 12 specifications in Table III are rejected at the 0.05 level.
Since α > 0 implies convex increasing u (ct ), the 2 remaining
specifications in Table III not rejected in a statistical sense do not make
economic sense.
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Representative Consumer Model
Possible explanations for the rejections

There are several ways of interpreting these rejections:
1 Competitive equilibrium does not adequately model outcomes from
market microstructure.

2 Different goods are not perfect substitutes (do not aggregate).
3 The preferences of the representative consumer are not CRRA.
4 The representative consumer . . .

does not obey the expected utility hypothesis (Epstein and Zin, 1990).
is time inconsistent, and has hyperbolic discounting (Laibson, 1997)

5 The primitives are optimizing individuals belonging to a population and
their aggregate behavior does not map into a representative consumer
when markets are . . .

incomplete.
complete but there is time varying heterogeneity over the life cycle.
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Relaxing the Assumption of a Representative Consumer
Why Euler equation estimation methods fail on a cross section (Altug and Miller, 1990)

Can Euler equation methods be adapted to a panel data setting?
Suppose {rtk , xnt , cnt , cn,t+1}Nn=1 comes from households n = 1, 2, . . .
Write the utility for n as u (cnt ) for u (ct ) .
Note the Euler equation holds for each person.
Define εnt , the forecast error of n, and the average vt , as:

εnt ≡ rtk β
u′ (cn,t+1)
u′ (cnt )

− 1

vt ≡ p lim
N→∞

1
N ∑N

n=1 xnt

[
rtk β

u′ (cn,t+1)
u′ (cnt )

− 1
]
= p lim

N→∞

[
1
N ∑N

n=1 xntεnt

]
If vt depends on an aggregate shock to the economy hitting everyone
in the economy, then vt 6= 0.
Note vt is instrument specific, so treating vt as a time dummy in
estimation requires as many time dummies as there are instruments.
Hence neither u (·) nor β are not identified off this panel.
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Complete Markets
Commodity prices

Let {Ft}∞
t=0 denote a sequence of σ-algebras with measure P that

reflects how history unfolds as the economy evolves.

Each period t ∈ {n, . . . , n} household n consumes (cnt1, . . . , cntK ).
Define a commodity by the triplet (k, t,A).

Let ptk (A) denote the date zero price of receiving a unit of k at t in
the event of A ∈ Ft occurring:

ptk (A) =
∫
A

λtk (ω)P (dω)

The Radon-Nikodym derivative λtk (ω) converts the probability of
events into a commodity price measure.
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Complete Markets
A lifetime budget constraint

Assume there are complete markets, that is an Arrow-Debreu
economy where there is a competitive market for every commodity
defined on k, t, and {Ft}∞

t=0 .

The assumption of complete markets allows us to model the
consumer budget set with one single lifetime budget constraint, rather
than a sequence of period-specific budget constraints.

The lifetime budget constraint for n is:

E0
[
∑n
t=n ∑K

k=1 λtkcntk
]
≤ Bn (1)
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Complete Markets
Time additive preferences, maximization and the first order condition

Suppose households obey the expected utility hypothesis, preferences
taking the time additive form:

E0

[
n

∑
t=n

βt−nut−n (cnt1, . . . , cntK )

]
(2)

Let:
1 ηn denote the Lagrange multiplier associated with (1)
2 ptk denote the spot price of k at t (conditional the state)
3 the first good be a numeraire and define λt ≡ λt1.
4 tn ≡ t − n denote the age of the household
5 cnt ≡ (cnt1, . . . , cntK ) denote the consumption vector of n at t.

Household n maximizes (2) subject to (1).
Then the first order condition for an interior solution for k is:

βtnutn ,k (cnt ) ≡ βtn
∂utn (cnt )

∂cntk
= ηnλtk ≡ ηnλtptk (3)
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Complete Markets
Marginal rates of substitution in equilibrium

Temporarily dropping for convenience the subscript n, the individual
identifier, and setting pt1 ≡ 1, there are:

1 (K − 1) (n− n) equations corresponding to the spot markets:

MRStk (ct ) ≡
utk (ct )
ut1 (ct )

= ptk

2 (n− n)− 1 equations pertaining to the numeraire that intertemporally
balance consumption:

MRSt (ct , ct+1) ≡
βut+1,1 (ct+1)
ut1 (ct )

=
λt+1

λt

Given ηn, these K (n− n)− 1 marginal rates of substitution
equations fully characterize an interior equilibrium consumption of n.
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Complete Markets
Example (Altug and Miller, 1990)

For example suppose:

ut (cnt ) ≡
K

∑
k=1

exp (xntBk + εntk )

αk + 1
cαk+1
ntk

Focusing on the first two goods we have:

pt2 = MRSt2 (cnt )

= exp [xnt (B2 − B1) + εnt2 − εnt1]
cα2
nt2

cα1
nt1

Taking logarithms:

εnt2 − εnt1

= xnt (B1 − B2) + α1 ln (cnt1)− α2 ln (cnt2) + ln pt2
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Complete Markets
Estimation

For any instrument vector znt satisfying:

E [εnt |znt ] = 0

we have:

E {znt [xnt (B1 − B2) + α1 ln (cnt1)− α2 ln (cnt2) + ln pt2]} = 0

A GMM estimator now comes from setting

0 = A
N

∑
n=1

znt [xnt (B1 − B2) + α1 ln (cnt1)− α2 ln (cnt2) + ln pt2]

The usual large sample properties apply.
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Complete Markets
Estimating intertemporal rates of substitution

Similarly:

λt+1
λt

= β exp [(xn,t+1 − xnt )B1 + εn,t+1,1 − εnt1]

(
cnt+1,1
cn,t+1,1

)α1

or in logarithmic form:

∆ lnλt − ln β = ∆xntB1 + ∆εnt1 + α1∆ ln cnt1

where:

∆xnt ≡ (xn,t+1 − xnt ) ∆εnt1 ≡ (εn,t+1,1 − εnt1)

∆ lnλt ≡ lnλt+1 − lnλt ∆ ln cnt1 ≡ ln cnt+1,1 − ln cnt1
If E [εnt |znt ] = 0 then:

E {znt [∆ lnλt − ln β− α1∆ ln cnt1 − ∆xntB1]} = 0
A GMM estimator with the usual large sample properties can be
formed from the sample analogue.

Miller (Carnegie Mellon University) cemmap 1 September 2022 18 / 25



An International Comparison (Miller and Sieg, 1997)
Descriptive statistics for the U.S. and Germany
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An International Comparison
A model of male labor supply and housing demand

The following notation applies to household n at time t:
l0nt female leisure
l1nt male leisure
hnt housing services
xnt observed demographics
(ε0nt , . . . , ε3nt ) unobserved disturbance iid over n

Current utility takes the form:

u (l0nt , l1nt , hnt , , xnt ) ≡ α−10 exp (xntB0 + ε0nt ) h
α0
nt l

α2
0nt

+α−11 exp (xntB1 + ε1nt ) l
α1
1nt l

α3
0nt + . . .

The wage rate is the value of the marginal product for a standard
labor unit times the effi ciency rating of n:

wnt ≡ wt exp (xntB2 + ε2nt )

Similarly:
rnt ≡ rt exp (xntB3 + ε3nt )
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An International Comparison
Estimates of the marginal rate of substitution functions
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An International Comparison
Interpreting Table 3

The column key is:
1 MRS between housing and male leisure plus housing rental function
2 Adds wage equation
3 Adds intertemporal MRS for male leisure over consecutive periods and
subtracts rent equation

4 Both MRS conditions plus wage and rent equations

The number of observations is about 400 so
√
N is about 20.

J is asymptotically χ
d
where d = # overidentifying restrictions.

None of the specifications is rejected, all the coeffi cients are
significant and are signed according to economic intuition.

Contingent claims prices (inversely) track aggregate consumption
quite well.
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An International Comparison
Aggregate consumption (solid line) and estimated contingent prices (dotted) for Germany
and the U.S.
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An International Comparison
Testing equality of prices, preferences and effi ciency ratings

We reject the null hypotheses that:

contingent claims prices between Germany and US are equal
contingent claims prices between different regions in the US are equal
at the 0.05 but not at the 0.1 level
preferences between the two countries are the same

With respect to purchasing power parity we:

do not reject the null that the value of marginal product of labor is
equalized across both countries
reject the null that the premium to education is the same.
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Summary
Has work in this area stalled?

Aggregate data on consumption:

reject the representative consumer model with standard assumptions.
has lead to relaxing the expected utility assumption
prompted empirical work on hyperbolic discounting.

Cross sectional and panel data on consumption and labor supply:

averages across individuals (or households), not time.
useful for predictive purposes in a steady state economy.
can be adapted to dynamic economies (Altug and Miller, 1998).
does not invariably reject complete markets (Altug and Miller, 1990).
used to estimate dynamic models where financial markets don’t exist.

Moving forwards there seems scope for:

estimating and testing models of integration across political
jurisdictions and geographical regions.
estimating models with data on individual financial portfolio choices
with consumption (French and Jones, 2011).
focusing on trading mechanisms and contractual arrangements.
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