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Another Renewal Problem (Rust,1987)
Bus engines

The one occupation economy we analyzed in the second lecture was
treated as a renewal problem.

Replacing bus engines can be modeled that way too.

Mr. Zurcher decides whether to replace the existing engine (d1t = 1),
or keep it for at least one more period (d2t = 1).

Bus mileage advances 1 unit (xt+1 = xt + 1) if Zurcher keeps the
engine (d2t = 1) and is set to zero otherwise (xt+1 = 0 if d1t = 1).

Transitory iid choice-specific shocks, εjt are Type 1 Extreme value.

Zurcher sequentially maximizes expected discounted sum of payoffs:

E

{
∞

∑
t=1

βt−1 [d2t (θ1xt + θ2s + ε2t ) + d1tε1t ]

}
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Another Renewal Problem
Value functions and replacement CCP

Let V (xt , s) denote the ex-ante value function at the beginning of
period t, the discounted sum of current and future payoffs just before
εt is realized and before the decision at t is made.
We also define the conditional value function for each choice as:

vj (x , s) =
{

βV (0, s) if j = 1
θ1x + θ2s + βV (x + 1, s) if j = 2

Let p1(x , s) denote the conditional choice probability (CCP) of
replacing the engine given x and s.
The parametric assumptions about the transitory shocks imply:

p1(x , s) =
1

1+ exp [v2(x , s)− v1(x , s)]
An ML estimator could be formed off this equation following the
steps In Lecture 3.
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Another Renewal Problem
Exploiting the renewal property

One can show that when εjt is Type 1 Extreme value, then for all
(x , s, j):

V (x , s) = vj (x , s)− log [pj (x , s)] + 0.57 . . .

Therefore the conditional valuation function of not replacing the
engine is:

v2(x , s) = θ1x + θ2s + βV (x + 1, s)

= θ1x + θ2s + β {v1(x + 1, s)− log [p1(x + 1, s)] + 0.57 . . .}

Similarly:

v1(x , s) = βV (0, s) = β {v1(0, s)− log [p1(0, s)] + 0.57 . . .}

Because the miles on a bus engine does not affect the value of the
bus the engine is replaced:

v1(0, s) = v1(x + 1, s)
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Another Renewal Problem
Using CCPs to represent differences in continuation values

Hence:

v2(x , s)− v1(x , s) = θ1x + θ2s + β ln [p1(0, s)]− β ln [p1(x + 1, s)]

Therefore:

p1(x , s) =
1

1+ exp [v2(x , s)− v1(x , s)]

=
1

1+ exp
{

θ1x + θ2s + β log
[

p1(0,s)
p1(x+1,s)

]}
Intuitively the CCP for current replacement is the CCP for a static
model with an offset term.

The offset term accounts for differences in continuation values using
future CCPs that characterize optimal future replacements.
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Another Renewal Problem
CCP Estimation

Consider the following CCP estimator.

Form first stage estimate for p1(x , s), called p̂1(x , s) from the relative
frequencies:

p̂1(x , s) =
∑N
n=1 d1nt I (xnt = x) I (sn = s)

∑N
n=1 I (xnt = x) I (sn = s)

In second stage substitute p̂1(x , s) into the likelihood as incidental
parameters and estimate θ1 and θ2 with a logit:

d1nt + d2nt exp(θ1xnt + θ2sn + β ln [p̂1(0, sn)]− β ln [p̂1(xnt + 1, sn)]
1+ exp(θ1xnt + θ2sn + β ln [p̂1(0, sn)]− β ln [p̂1(xnt + 1, sn)])
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Monte Carlo Study (Arcidiacono and Miller, 2011)
Modifying the bus engine problem

Suppose bus type s ∈ {0, 1 } is equally weighted.
There are two other state variables

1 total accumulated mileage:

x1t+1 =
{

∆t if d1t = 1
x1t + ∆t if d2t = 1

2 permanent route characteristic for the bus, x2, that systematically
affects miles added each period.

We assume ∆t ∈ {0, 0.125, . . . , 24.875, 25} is drawn from a truncated
exponential distribution:

f (∆t |x2) = exp [−x2(∆t − 25)]− exp [−x2(∆t − 24.875)]

and x2 is a multiple 0.01 drawn from a discrete equi-probability
distribution between 0.25 and 1.25.
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Monte Carlo Study
Including aggregate shocks in panel estimation

Let θ0t denote an aggregate shock (denoting fully anticipated cost
fluctuations). Then the difference in current payoff from retaining
versus replacing the engine is:

u2t (x1t , s)− u1t (x1t , s) ≡ θ0t + θ1min {x1t , 25}+ θ2s

Denoting xt ≡ (x1t , x2) , this implies:

v2t (xt , s)− v1t (xt , s) = θ0t + θ1min {x1t , 25}+ θ2s

+β ∑
∆t∈Λ

{
ln
[

p1t (0, s)
p1t (x1t + ∆t , s)

]}
f (∆t |x2)

In the first three columns of the next table each sample is on 1000
buses for 20 periods, while in the fourth column we assume 2000
buses are observed for 10 periods.
The mean and standard deviations are compiled from 50 simulations.
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Monte Carlo Study
Extract from Table 1 of Arcidiacono and Miller (2011)
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Durable Goods and Human Capital
Trends in home ownership, fertility, marriage, labor supply and education

The average age of a first-time home buyer was about 28 years old in
the 1970s, about 30 in the 1990’s, and is now about 32.5.

This increase coincided with postponing marriage and fertility; the
average age of mother at first birth rose from 22 forty years ago to 24
two decades ago, and is currently about 26.spea

In contrast female labor-force participation rose from 46 percent in
1975, peaked at 59 percent in 1995 and subside to 56 percent in
2015, hours worked following a similar pattern.

The median age of marriage and first birth practically coincide at
each of the four census points (1970,. . . ,2000)

but age at first home purchase is several years older
and the gap between first birth and first home purchase widened a little
and then stabilized.
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Durable Goods and Human Capital
Figure 1 from Khorunzhina and Miller (2017)
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Durable Goods and Human Capital
More detail on time trends

Tracking over the decades, the mean age at:

first home purchase, first birth and second birth have all increased.
second birth roughly tracks mean age at first home purchase.

The trend to postpone buying the first house is matched by a trend
to purchase a larger one:

Loosely speaking there is a quantity/quality trade-off, larger homes are
now owned, but older people purchase their first home.

There is no evidence for a trend in selling houses and reverting to
renting:

In other words declining home ownership is explained by the trend of
purchasing the first home later in life.
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Durable Goods and Human Capital
Figures 4, 5 and 8 from Khorunzhina and Miller (2017)
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Durable Goods and Human Capital
Cross sectional differences between owners and renters

Compared to tenants, home owners:

are older.
are more educated.
are more likely to be married.
have more children.
live in larger dwellings.
are less likely to be employed.
work fewer hours if they are employed.
earn more income if they are employed.
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Durable Goods and Human Capital
Table 1 from Khorunzhina and Miller (2017)
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Durable Goods and Human Capital
More detail on the cross section

At any given age home ownership ranks from highest to lowest by
roughly tracking aggregate household weight:

1 married with children
2 married with no children
3 single with children
4 single with no children.

supply more labor to the market than , but both supply more than .

With regards labor supply, the ordering from the most to the least is:
1 single homeowners
2 single tenants
3 married females, whether they are homeowners or not
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Durable Goods and Human Capital
Figures 2 and 3 from Khorunzhina and Miller (2017)
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Durable Goods and Human Capital
Contributing Factors

There are potentially four main economic factors driving these trends.
Over these four decades:

1 real wages rose.
2 the real interest rate declined.
3 housing prices rose and then fell.
4 females became more educated.

The challenge is to develop a dynamic life-cycle model linking these
drivers to the joint behavioral outcomes to:

1 estimate how educational attainment, wages, interest rates, housing
prices determine fertility, labor supply and first home purchase
decisions.

2 quantify the importance of these four factors behind the secular decline
in home ownership by conducting counterfactual exercises on the
estimated model.
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Durable Goods and Human Capital
Figure 6 from Khorunzhina and Miller (2017)
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Model
Discrete choices

bt ∈ {0, 1}, where bt = 1 if a child is born at time t.
ft ∈ {0, 1}, where ft = 1 means female works at time t.
at ∈ {0, 1}, where at = 0 means continuing to rent at t and at = 1
means first home is purchased.
Consolidating the choices let dkt ∈ {0, 1} where ∑7

k=0 dkt = 1 where
(at , bt , ft ) = (0, 0, 0) by d0t = 1 and otherwise set dkt = 1 for:

k ≡ (1− at ) bt (1− f t ) +2 (1− at ) (1− bt )wt+3 (1− at ) bt ft
+4at (1− bt ) (1− f t ) +5atbt (1− f t ) +6at (1− bt ) ft+ . . .

Purchasing the first house is a once-in-a-lifetime decision.
If at = 1 then as = 0 for s ∈ {t + 1, . . . ,T}, and ∑3

k=0 dkt = 1.
Hence the model restricts homeowners to four discrete choices,
tenants to eight.
ct ∈ R denotes nonhousing consumption, a continuous choice.
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Model
Preferences

The household’s lifetime utility is modeled as:

−
∞

∑
τ=t

7

∑
j=0

βτ−tdjt exp(uhτ + u
b
τ + u

l
jτ − ρcτ − εjτ)

where:

β denotes the subjective discount factor.
uhτ indexes current utility payoff from housing.
ubτ indexes the lifetime utility of giving birth and raising a child if this is
the youngest.
ulτ indexes the current utility of current leisure.
ρ is the constant absolute risk aversion parameter.
ετ ≡ (ε1τ, . . . , εJτ) is revealed at the beginning of the period t, has
continuous support and is iid with density function g (εt ).
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Model
Preferences

We parameterize the index functions as:

uhjt ≡ at
(
x ′tθ0 + btθ1 + ftθ2 + bt ftθ3

)
st
(
x ′tφ0 + stφ1 + st−1φ2 + ltφ3

)
ubt ≡ bt

(
x ′tγ0 + ftγ1 + stγ2

)
ult ≡ ftx ′tδ0 + lt

(
δ1x ′t + δ2lt

)
where:

xt is a set of fixed or time varying attributes that characterize the
decision maker (including age, education and marital status) along with
previous fertility and labor market outcomes.
st measures house size in period t.
lt ∈ [0, 1] is female labor supply in t where lt ∈ (0, 1] implies ft = 1.
st−1 is included in uhjt to all for adjustments associated with resale and
future housing purchases.
x ′tδ0 is the fixed cost of working, and lagged labor supply affects the
marginal utility of current leisure.
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Model
Budget constraint

Assume prices, interest rates and hence aggregate fluctuations are
known in advance.

Denote by:

Wt household financial wealth at the beginning of period t.
yt income from real wages paid to the female for work in period t
it the period t interest rate.
R(st , qt ) rent by tenants.
H(st , qt ) the house price, which depends on house size, quality and
aggregate factors.

The law of motion for disposable household wealth is:

(1+ it )
−1Wt+1 ≤ Wt + wt − ct

−R(st , qt )∏t
τ=1 (1− aτ)− atH(st , qt )
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Model
State variables

The household directly controls some state variables, including:
Wt current financial wealth.
(bt , . . . , bt−18) family composition.
lt−1 ∈ [0, 1] female lagged labor supply.
At home ownership.

The other state variables include:
st house size, a Markov process with transition density f (st |st−1)
when the household rents, and when household owns, st = st−1.
qt aggregate variables for housing prices.
Yt wage rates.
Bt current price of a bond in t paying one consumption unit each
period into perpetuity.
D fixed demographics for each woman including age and education.

Summarizing the state variables are (zt ,Wt ) where:

zt ≡ (D,Bt , qt ,Yt , bt , . . . , bt−18,At , st , lt−1)
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Model
Conditional choice probabilities (CCPs) and lifetime utility under optimization

In period t the household observes (zt ,Wt ), chooses ct , then observes
εt ≡ (ε0t , . . . , ε7t ) , and finally chooses dt .
Denote by dot = (d

o
1t , . . . , do7t ) the discrete choices that along with

the optimal consumption choices, cot , solve the household’s problem.

Let pjt (zt ) ≡ E
[
dojt |zt

]
denote the probability of optimal choice j at

year t conditional on zt .
Denote by ε∗jt the truncated variable that takes on the value of εjt
when djt = 1 and is not defined when djt = 0.
The theorem below implies the expected lifetime of the household
may be expressed as

−
∞

∑
τ=t

βτ−tEt

[
7

∑
j=0
pjτ (zτ) exp(uhτ + u

b
τ + u

l
jτ − ρcoτ − ε∗jτ)

]
In other words pjt (zt ) are the CCPs and do not depend on Wt .
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Model
Theorem from Gayle, Golan and Miller (2015) for representing optimal discrete choices

The optimal discrete choices dot maximize:

7

∑
j=0
djt
[
ρyjt − uhτ − ubτ − uljτ − (Bt − 1) lnAt+1(z

(j)
t+1) + εjt

]
where At (zt ) is an index of household capital:

At (zt ) =
7

∑
j=0

pjt (zt ) αj (zt )
1
Bt e−ρyjt/Bt Et

[
e−ε∗jt/Bt

]
At+1

(
z (j )t+1

)1− 1
Bt

AT+1 (zT+1) ≡∏∞
τ=T+1 α

(
z (0)τ

)1/BT+1
αj (zt ) ≡ exp

[
uhτ (zt ) + u

b
τ (zt ) + u

l
jτ (zt )

]
z (j )t+1 is the state vector value at t + 1 following choice j applied to zt .

Note At (zt ) > 0 and lower values of At (zt ) come from higher
current income and lower rent, both captured within yjt .
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Inference
Identification

Following (Arcidiacono and Miller, 2017) the parameters are identified
given a pdf for εt ≡ (ε0t , . . . , ε7t ) and normalizing constants for each
(t, zt ).
We assume εjt is independently and identically distributed as a T1EV
with location and scale parameters (0, 1).
It is well known that in this case:

ln
[
p0t (zt )
pjt (zt )

]
= ρ (y0t − yjt ) + ln (αjt ) + (Bt − 1) ln

At+1
(
z (j)t+1

)
At+1

(
z (0)t+1

)


The model exhibits finite dependence: if any two choices j and k are
both followed by the zero choice for as long it it takes for a child to
grow up, the state variables are equalized, implying:

At+1
(
z (j)t+18

)
= At+1

(
z (0)t+18

)
Miller (Discrete Choice 4) Applying CCP September 2017 27 / 38



Inference
Finite dependence

Estimation is based on successively telescoping
ln
[
At+1

(
z (j)t+1

)/
At+1

(
z (0)t+1

)]
into the future out to T = 18.

The following theorem provides the basis for our CCP estimator. For
each j ∈ {1, . . . , 7} and t ∈ {1, . . . ,T}:

ln
[
pjt (zt )
p0t (zt )

]
= ρ (yjt − y0t )− uhjt − ubjt − uljt

+
18

∑
s=t+1

s

∏
r=t+1

(
1

1+ ir

)ρ
(
y (j ,t)s − y (0,t)s

)
+ ln

p0s
(
z (0)s

)
p0s
(
z (j)s
)


and z (j)t+s is the value of the state vector at t + s following the
sequence of decisions (djt , d0,t+1, . . . , d0,t+s ) applied to zt , the value
of the state vector in period t.
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Model Fit
One period forecasts

To check the model fit we:
1 solved the optimal decision rule model for the estimated parameters (by
integrating over disturbance and using a backwards induction recursion
to successively solve the CCPs).

2 approximately replicated the PSID sample population with an artificial
population.

3 simulated the artificial population one period forward using the first
step.

The model fits the data quite well but:

predicts too much home ownership at later ages (83% versus 81% at
41 - 45)
home sizes are too large at later ages (6.4 rooms versus 6.3 at 36 - 40)
predicts too much labor force participation (by about 3%)
flattens the inverted U shape of hours (by up to 50 per year)
predicts too many children (up to 0.15 at the mean)
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Model Fit
Table 4 of Khorunzhina and Miller (2017)
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Structural Estimates
Table 2 of Khorunzhina and Miller (2017)
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Structural Estimates
Utility from first home purchase

The utility of purchasing a first house:

is a rare event that declines with age.
declines with (female ) employment but is increasing in lagged
employment and education.
declines with births, increases with the number of children, but declines
with the age of the youngest.
lower for nonwhites, declines with marriage, with notable exception of
married nonwhites.

Conditional on purchasing a home, utility from a larger home:

is concave increasing.
increases with age.
declines with education.
increase with the age but not the number of children.
declines with the size of previous home.
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Structural Estimates
Lifetime utility from giving birth

The benefits of having another child decline with

age.
age of the youngest child.
education.
being currently employed.
house size.
owning a home the previous period.

The benefits of having another child are greater for:

white if married.
nonwhite if not married.
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Structural Estimates
Fixed utility cost of participation and utility from leisure time

The current utility of leisure is concave increasing in leisure, and also
increasing in past leisure, consistent with previous studies.

The other state variables affect current utility for leisure in a nonlinear
way, captured by the fixed and linear components

The estimates pertaining to the effects of race, marriage education
and family composition are also in line with previous work:

increasing in marriage, especially for nonwhites.
declining in age.
increasing in education.
higher for nonwhites.
increasing in family size and declining in the age of the youngest child.

Homeowning and house size increase the benefit from leisure.

Miller (Discrete Choice 4) Applying CCP September 2017 34 / 38



Structural Estimates
Wage equation

The estimates of the wage equation are similar to those found in the
literature:

Wages are concave over the lifecyle.
They are increasing in hours worked one and two periods ago (above
an hours threshold that captures nonlinear effects induced by the
participation dummy variable).
Marriage magnifies the effects of lagged hours on the wage rate.

Table 1 appeared to suggest that (female) homeowners earn higher
wages than tenants.

The second column of Table 3 shows the effects of being a
homeowner on wages:

Only age squared is significant, and its quantitative effect is small.
Thus the implicit inequality in Table 1 arises from other factors (such
as education and age).
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Structural Estimates
Table 3 Khorunzhina and Miller (2017)
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Counterfactual Simulations
Effects of changes in wages, interest rates, educational levels and housing prices

We inoculated the counterfactual analysis against the unbalanced
(PSID) sample and buffering from aggregate effects by:

generating an artificial population of 23 year olds that approximates the
population distribution of that age group within the PSID.
successively applying the optimal rule for 25 years in a steady state
economy.

We are running counterfactuals that:
1 reduce the interest rate by 1 percent.
2 increase wages by 5 percent.
3 increase housing prices by 10 percent.
4 increase educational attainment of those with no college by a year.

We intend to analyze the:
1 long term effects (comparing steady states) of permanent shifts.
2 short term (one period) effects of permanent shifts.
3 short term effects of temporary shifts (that measure flexibility).
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Counterfactual Simulations
Table 5 Khorunzhina and Miller (2017)
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