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Nonseparabilities over time
Competitive equilibrium

Panel data reject the joint null hypothesis that:
1 consumer workers maximize expected utility.
2 they have rational expectations.
3 the disturbance structure is iid.
4 current utility is CRRA.
5 current utility is additively separable within and between periods.
6 goods and labor productivity are additively separable over time.
7 there are complete markets.

There is less consensus on which of these factors is instrumental:

Some economists believe 7 fails.
Others believe 3 through 7 cause the rejections.
There are those who believe consumers violate 1 and/or 2.

The remainder of the course focuses on the failure of complete
markets and the incorporation of nonseparable preferences.
In both cases we justify the extensions with evidence from the data.
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Female Wages
Value of marginal product of labor

Female labor supply receives much more attention than male labor
supply from labor economists.

There are two main reasons. Female labor supply:
1 exhibits much more variation than male labor supply.
2 is significantly correlated with variables observed typically observed in
panel data (such as household composition and education).

One noticeable feature of female wage data is that past labor supply
decisions significantly and quantitatively affect their current wages.

This form of human capital accumulation induces nonseparabilities
over time within the production function.

Miller (Structural Econometrics) Auctions, Contracts and Markets December 2017 3 / 21



Female Wages
Wage equation (Altug and Miller,1998)

Suppose:
w̃nt ≡ wnt exp (ε3nt )

and:

wnt ≡ wtυn exp
[
xntB3 +

ρ

∑
s=1
(γ1s ln,t−s + γ2sdn,t−s )

]
where:

w̃nt measured wage rate of n at t
wnt wage rate of n at t
ε3nt iid measurement error
wt wage rate for standardized unit of labor
vn household specific fixed effect
xnt time varying socioeconomic factors
lnt ∈ [0, 1] normalized labor time
dnt =

{
0 if lnt = 0
1 if lnt > 0
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Female Wages
Estimates from the PSID (Table III, Altug and Miller, 1998)
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A Social Planner’s Problem
Preferences and resource constraint

Suppose individual n is uniformly distributed on [0, 1] with current
consumption cnt and current utility:

Unt = (1− dnt ) (xntB0 + ε0nt ) + dnt ε1nt

+α−1cα
nt exp [xntB2 + ε2nt ] +

[
xntB1 +∑ρ

s=0 δs ln,t−s
]
lnt

Aggregate consumption cannot exceed aggregate income, comprising
aggregate wages and aggregate nonlabor income, et :∫ 1

0
cntdn ≤ et +

∫ 1

0
wnt lntdn

The planner’s preferences are given by:

E0

{
∞

∑
t=0

βt
[∫ 1

0
η−1n Untdn

]}
where β is a subjective discount factor, and ηn is the marginal utility
of wealth for n in the corresponding competitive equilibrium.
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A Social Planner’s Problem
First order conditions

Let λt denote the Lagrange multiplier associated with the aggregate
resource constraint.
The log of the FOC for consumption is then:

(α− 1) ln cnt + (xntB2 + ε2nt ) = ln ηn + lnλt

Similarly the interior FOC for leisure can be expressed as:

0 = xntB1 + 2δ0lont +∑ρ

s=1 δs ln,t−s + ηnλtwnt

+∑ρ

s=1 Et
[
(δs + γ1sηnλt+swn,t+s ) lon,t+s |lont

]
where we draw on the parameterization of utility and productivity,
which imply:

∂

∂lnt
Un,t+s = δs ln,t+s

∂

∂lnt
ηnλt+swn,t+s ln,t+s = γ1sηnλt+swn,t+s ln,t+s
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A Social Planner’s Problem
Partitioning the social planner’s problem

Noting the preferences for consumption and leisure are additively
separable, the planner:

1 chooses cnt for all (n, t) to maximize:

E0

{
α−1

∞

∑
t=0

βt
[∫ 1
0

η−1n cα
nt exp [xntB2 + ε2nt ] dn

]}
subject to the budget constraints for each t:∫ 1

0
cntdn ≤ e ′t ≡ et +

∫ 1
0
wnt lontdn

2 chooses lnt for all (n, t) to maximize:

E0

{
∞

∑
t=0

βt
[
(1− dnt ) (xntB0 + ε0nt ) + dnt ε1nt
+xntB1 lnt +∑

ρ
s=0 δs ln,t−s lnt + ηnλtwnt lnt

]}
where λt is the Lagrange multiplier associated with the aggregate
resource constraint for the consumption allocation problem.
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A Social Planner’s Problem
Optimal participation

The exante value function for the labor supply problem of n at t is:

V (ln,t−s , . . . , ln,t−1, xnt ,λtwt , ηn)

= Et

{ ∞

∑
r=t

βr−t
[
(1− dnr ) ε0nr + dnr (xnrB0 + ε1nr )
+xnrB1lonr +∑

ρ
s=0 δs lon,r−s l

o
nr + ηnλtwnr lonr

]}
and denote the associated conditional value functions by:

v0nt = xntB0 +
∫ [

V (ln,t−s+1, . . . , 0, xn,t+1,λt+1wt+1, ηn)
×dF (xn,t+1,λt+1wt+1 |xnt ,λtwt )

]
v1nt =

[
xntB1 + ηnλtwnt +∑ρ

s=0 δs ln,t−s
]
lont

+
∫ [

V (ln,t−s+1, . . . , lont , xn,t+1,λt+1wt+1, ηn)
×dF (xn,t+1,λt+1 |xnt ,λtwt )

]
Then optimal participation is given by:

dnt =
{
0 if v1nt + ε1nt ≤ v0nt + ε0nt
1 if v1nt + ε1nt > v0nt + ε0nt
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A Representation of the Value Function
Telescoping forwards using the nonparticipation choice

Denote the conditional choice probability of participation by:

pnt = Et [dnt |ln,t−s , . . . , ln,t−1, xnt , ηnλtwt ]

Suppressing the arguments (ln,t−s , . . . , ln,t−1, xnt , ηnλtwt ), previous
lectures on discrete choice proved:

Vnt = ψ0 (pnt ) + v0nt
= ψ0 (pnt ) + xntB1 + Et [Vn,t+1 |dnt = 0 ]

Telescoping forwards:

Vnt = ψ0 (pnt ) + xntB1 + Et [ψ0 (pn,t+1) + xn,t+1B1 |dnt = 0 ]
+Et [Vn,t+2 |dnt = 0, dn,t+1 = 0 ]

=
ρ

∑
s=0

Et [ψ0 (pn,t+s ) + xn,t+sB1 |dnt = 0, . . . , dn,t+s = 0 ]

+Et
[
Vn,t+ρ+1

∣∣dn,t+1 = 0, . . . , dn,t+ρ = 0
]
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A Representation of the Value Function
Finite dependence

Since:
ψ0 (pnt )− ψ1 (pnt ) = v1nt − v0nt

it now follows that:

ψ0 (pnt )− ψ1 (pnt ) (1)

=
[
xntB1 + ηnλtwnt +∑ρ

s=0 δs ln,t−s
]
lont − xntB0

+Et [Vn,t+1 |dnt = 0 ]− Et [Vn,t+1 |lnt = lont ]
=

[
xntB1 + ηnλtwnt +∑ρ

s=0 δs ln,t−s
]
lont − xntB0

+
ρ

∑
s=0

Et [ψ0 (pn,t+s ) |lnt = lont , dn,t+1 = 0, . . . , dn,t+s = 0 ]

−
ρ

∑
s=0

Et [ψ0 (pn,t+s ) |dnt = 0, . . . , dn,t+s = 0 ]
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Aggregate Shocks
Aggregate shocks with intertemporal nonseparabilities

The previous lecture shows how to estimate how to estimate
preferences for consumption from the FOC.
But how should we treat terms like Et [λt+swn,t+s ln,t+s |lnt ] and
Et [ln,t+s |lnt ], which appear in the Euler equation determining labor
supply for those who participate in the workforce?
We cannot justify substituting:

ln,t+s for Et [ln,t+s |lnt ]
and:

λt+swn,t+s ln,t+s for Et [λt+swn,t+s ln,t+s |lnt ]
to equate to zero the sample moment:

1
N

N

∑
n=1

znt

[
xntB1 + 2δ0lont + ηnλtwnt
+∑

ρ
s=1 δs

(
ln,t−s + lon,t+s

)
+ γ1sηnλt+swn,t+s lon,t+s

]
because λt+s and wt+s do not average out over the population.

Miller (Structural Econometrics) Auctions, Contracts and Markets December 2017 12 / 21



Aggregate Shocks
Assumptions on the price process

To estimate the model we place assumptions on the λtwt process.

Since the λtwt process is endogenous, we must first establish these
assumptions are compatible with the social planner’s problem. (See
Altug and Miller 1998, Appendix.)

Assume λt+1wt+1 = ∆tλtwt where ∆t :
1 is an iid random variable with distribution function F (∆, σ).
2 has bounded positive support of length ς ≡ F

(
∆, σ

)
− F (∆, σ) where

F (∆, σ) = 0 and F
(
∆, σ

)
= 1.

The model has ρ period dependence; to verify this set ln,t+s = 0 for
all initial choices lnt and note that the labor experience of the state
variable is (0, . . . , 0) after ρ periods.

We also assume 2ςρ < η − η for some η and η within the interior of
the support of η.
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Estimation
A nonparametric estimator of the CCPs

Decompose any random variable yn into its conditional expectation
function on any xn and a disturbance εn, such that:

yn = E [yn |xn ] + εn

≡ E [yn |xn ] + εn and hence E [εn |xn ] = 0
Let J (·) denote a multivariate continuous probability density function
satisfying J (0) 6= 0 and J (∞) = J (−∞) = 0.
Suppose f (xn) is estimated with a weighted average of the other
sample y values:

f̂ (xn) ≡
[
∑N
m=1,m 6=n J

(
xm − xn

δN

)]−1
∑N
m=1,m 6=n ymJ

(
xm − xn

δN

)
Then for all x one can show (see for example Prakasa Rao, 1983):

If δN → 0 and (NδN )
−1 → 0 then f̂ (x)→

p
f (x)
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Estimation
Semiparametric behavioral responses (Table V, Altug and Miller, 1998)

Corrected key to four panels[ (
ηn + ση, υn + συ

)
(ηn, υn + συ)(

ηn + ση, υn
)

(ηn, υn)

]
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Estimation
A simulation estimator for the discrete choices

To compute the CCPs required to form an orthogonality condition, we
simulate for each (n, t) a future path of aggregate shocks that are
specific to the individual, denoted by:

λ
(n,t)
t+s+1w

(n,t)
t+s+1

= λ
(n,t)
t+s w

(n,t)
t+s

exp (σπ)

where λ
(n,t)
t+s w

(n,t)
t+s

are estimates obtained from the consumption and
wage equations, π is generated from a N (0, 1) and σ is a volatility
parameter to be estimated within the orthogonality conditions.
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Estimation
Estimated CCPs for the simulation

To account for the discreteness in participation, define:

p(s)knt = Eτ

[
dns
∣∣∣lnτ = klont , ln,t+1 = 0 . . . , ln,s−1 = 0, x

(s)
nt , ηnλtwt

]
To estimate p(s)knt define the indicator function and the weight for each
(m, r) ∈ N × T :

d (s)mr = [(1− k) (1− dm,r−s ) + kdm,r−s ]∏s−1
r=1 (1− dn,t−r )

J (s)knt (m, r) ≡ Jx

(
xmr − x (s)nt

δN

)
J

(
ηmλrwr − ηnλ

(n,s)
t w (n,s)

t

δN

)

×d (s)kntJ
(
lm,r−s − lnt

δN

)k
∏ρ

τ=s+1 J
(
lm,r−τ − ln,t+s−τ

δN

)
Then the estimated CCPs are:

p̂(s)knt ≡
[
∑N×T
(m,r )

J (s)knt (m, r)
]−1

∑N×T
(m,r )

dmrJ
(s)
knt (m, r)
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Estimation
A simulation estimator for the discrete choice optimality conditions

Recall the Type 1 Extreme value assumption implies:

ψj (pnt ) = − ln pjnt ≡ − ln pj (ln,t−s , . . . , ln,t−1, xnt , ηnλtwt )

Then from (1):

ln p1nt − ln p0nt =
(
xntB1 + ηnλtwnt +∑ρ

s=0 δs ln,t−s
)
lont − xntB0

+∑ρ

s=1 Et
[
ln
(
p(s)0nt

)
− ln

(
p(s)1nt

)]
Given instruments znt we obtain a estimator from:

0 = ∑N
n=1 znt

[
y0nt −

(
xntB1 +∑ρ

s=0 δs ln,t−s
)
lont − xntB0

]
where:

y0nt ≡∑ρ

s=0

[
ln
(
p(s)0nt

)
− ln

(
p(s)1nt

)]
+ ηnλtwnt lont
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Estimation
A simulation estimator for the interior labor market choices

We could exploit the interior FOC for leisure directly in estimation by
simulating future values of labor supply off the price shocks that we
draw for each person.

Alternatively the interior FOC for leisure can be expressed as:

xntB1 + 2δ0lont +∑ρ

s=1 δs ln,t−s + ηnwnt

=
−∂

∂lnt
E [V (ln,t−s+1, . . . , lont , xn,t+1,λt+1, ηn)]

=
−∂

∂lnt

ρ

∑
s=1

βsEt
[
ψ0

(
p(s)1n

)
|lnt = lont

]
where the third line exploits the facts that neither xn,t+sB1 nor
Et
[
Vn,t+ρ+1

∣∣dn,t+1 = 0, . . . , dn,t+ρ = 0
]
depend on lnt .
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Estimation
A simulation estimator for the interior labor market choices

Appealing to the Type 1 Extreme Value assumption and defining:

ynt ≡
∂

∂lnt

ρ

∑
s=1

βs ln
(
p(s)1n

)
+ ηnwnt

gives us:
ynt = xntB1 + 2δ0lont +∑ρ

s=1 δs ln,t−s + εnt

where for all znt in the information set of n at t:

E [εnt |znt ] = 0

An estimator is now obtained from:

0 =
N

∑
n=1

znt
[
ynt − xntB1 − 2δ0lont −∑ρ

s=1 δs ln,t−s
]
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Estimation
Current utility parameter estimates (Table VI, Altug and Miller, 1998)
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