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There are eight equally weighted questions.
Question 1: What is £ [ﬂg\gs - [30] when E [z,€,] # 07

Question 2: Suppose €, = pe,—1 + v, for n € {2,3,...}, with v,, independently and identically dis-

2

tributed as a normal random variate with mean 0 and variance o“. and €; similarly generated from an

infinite past number of draws on vy, vg,v_1,... :

1. What is var ( (oj\z)s)v the variance of 5(01\2)5, in this case?

2. What is var ( (G]\QS) for the model

Question 3: Let 2V) = (zy,...,zx). Show var (ﬁ(lz‘i)) > var (ﬂ(OJ\QS) when E e, |zp,] = E [en |2,] =0

and

o I/ [enem |x(N)] =o2ifm=n

e but E[enem|x(N)] =0if m #n.

Question 4: Turning to constrained least squares:
: : () 1
1. Give an expression for I/ |85, ¢’
2. What is var (ﬂ(cj\gs) when F { (CAQS} = By?

3. Show var (B(C{\QS) <war (5(01\95) when @8, = c.

4. Show the bias of B(CJ\J?S when Qf8, =c* # c.



Question 5: Suppose there are N observations on (Y1, Yon, T1n, Tan):
Yin = ZTinf +en
Yon = Ty + 71081 + €2n

and assume €, = (€1, €2y,) is distributed bivariate normal and independent across n, and in addition

independent of x,, = (21, Z2n), & k X 1 vector, where z;,, is k; x 1 for j € {1,2}.

1. What is the mean and variance of ﬁg{?? the sequential estimator obtained from first regressing y1,
on x1, to obtain the least squares estimator 65{\8 ¢ and then running the regression of yo,, — xlnﬁg\g

on Toy,.

2. Consider the distributional properties of BéNO)L 5 (obtained by regressing y2, on x1, and x3,), ﬁg\g
(the sequential estimator defined above), and B(GABS (the estimator with the lowest covariance ma-

trix).

Question 6: Prove the following
1. P(A°)=1-P(A).
2. P(¢) =0.
3. If AC B then P(B\A) =P (B) —P(A).
4. If AC B then P(A) <P (B).
5. If AC B and P(B) =0 then P(A) = 0.
6. f AC Band P(A) =1 then P(B) = 1.
7. P (UnEN Ay) < Y men P(An).
8. If P(A,) =0 for all n € N then P (U, .y 4n) = 0.

9. P (nneN An) >1- ZnEN [1 - P(An)]~

10. If {A,} partitions Q then P(B) =3 v P(A,NB).

neN



11. If F is a o-algebra on €2, show that ¢ € F, and that F is closed under under countable intersections:

AnefforallneN:>m eNAnE}'

Question 7. Show zy (w) “3 0 iff y — 0 where 61, 0,... is a sequence of real numbers and zy (w)
is defined
1 fw S 5]\/
zy (W) =
0 ifw>dy.

Question 8. Let ¢ (z) denote a positive function, increasing on (0, c0), and symmetric about 0, meaning
¢ () = ¢ (—x) and suppose x has probability density function f (z). Provide a graphical demonstration

of Chebychev’s inequality:

e Use the horizontal axis to graph z

On the vertical axis (use the upper half plane to) plot ¢ ().

e For some u € (0,00), plot 1{|z] > u} ¢ (x) and also 1 {|z| > u} ¢ (u).

Use the lower half plane to plot f ().

Now plot ¢ (z) f () and 1{|z] > u} ¢ (u) f (2)

Compare the integrals under the horizontal axis to establish and illustrate the inequality.



