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Extremum Estimators

A criterion function for an M estimator

o Let hy (w,0) : (A x ©® — RY be a (composite) function of the
sample, measurable with respect to (Q, Fy P).

o For h=(hi, ..., hy), define || h|| = /LI, H.

@ Also let Oy (w) be a random variable with respect to (Q), Fy, P) that
depends on w through the data.

@ Then Oy (w) is called an extremum (that is M for maximum or
minimum) estimator iff:

[l (. 8w (@)} < 0p (1) + inf ||y (w, 0) (1)
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Extremum Estimators

GMM as an M estimator

@ For example in a GMM framework we choose 6 € ©® to minimize:

!/

i o)

AN CU)[ ZfN Xn ' )]

@ Since A is positive definite, and without loss of generality symmetric,
we may:

o factor Ay (w) into:
Ap (w) = By (w)' By (w) where By (w) is g x q
o define:

N
hy (w,8) = By (w) N~ ; fiv (xn (@), 0)

o and note GMM minimizes || hy (w, 0)]| with respect to 6.
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Extremum Estimators

A theorem on consistency

Suppose the DGP is represented by 6y € ®. If:

lhw (@, 00)|| = 0p(1) (2)

and:
sup |[hw (w,0)]| 7" = 0, (1) (3)
[[6—80]|>1

for all r € {1,2,...}, then Oy = 6g + 0,(1).

@ Intuitively, the criterion function must converge to zero in probability
for the true DGP, but if another DGP is used then the inverse of the
criterion function should be bounded.

@ These sufficient conditions for a consistent estimator reflect
conditions that are necessary and sufficient for identification.
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A Theorem on Consistency

Preliminary lemma

To prove the theorem we start with a preliminary lemma, draw out some
implications of convergence in probability, and then collect the results.

Lemma

If for any M € (0, 0):
sup [hn (w,0)| 7 < M (4)
[16—60]|>2
and:
M < ||y (w, By (@))]| 7 (5)
then: 1
6w () ~ 6o < - (6)
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A Theorem on Consistency

Proof of preliminary lemma

We establish this claim by a contradiction argument:
Suppose (4) and (5) are true, but not (6). Then:

1
o (w) = 6oll > 7)
Hence:
M < by (w.0n (@)]I7" by (5)
< sup |l (@,0)]7F by (7)
16—6o]1>+

< M by (4).

This contradiction proves the complement to the lemma is false. []
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A Theorem on Consistency

Proof of theorem (1)

The preliminary lemma implies:

Pr ({w: 1O (@) = o] > iD

{w: [ (w, Oy (@) < ’V’}

U {w LM < supjg gt (w,e)ll—l}
Pr ({w: lan (w, 0 ()] < M})

+Pr ({w M < supjg_gq 1 [lhn (W'G)H_l})

< Pr

(8)
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A Theorem on Consistency

Proof of theorem (2)

Appealing to (3) the definition of O, (1), for all € > 0 there exists a real
number M, such that for each r € {1,2,...}:

Pr <{w:/w€ < sup |lhy (w,9)||1}> <e (9)
l6—60[|>+

Also from (2):
[hw (@, 80) || = 0p (1)
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A Theorem on Consistency

Proof of theorem (3)
It now follows from (1), the inequalities:
0 < jnf || («,0)]] < Il («,60)I] = 05 (1)
and (2) that:
I (@,0n (@) < 05 (1) + fnf [1hn (w,6)]
< 205 (1) + [[hw (@, 6o) |
= 30y (1) =0, (1)

Thus by the definition of convergence in probability, for all € > 0 and any
re€{1,2,...}, there exists N, such that for N > N, and M = r:

Pr ({w I (@, 6 ()] > ID

— Py ({w; [ (w, 8 (@))]| 7 < M}) (10)

£

Y
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A Theorem on Consistency

Proof of theorem (4)

Therefore from (8), for N > N ,:

Pr ({“’ 0w () = 6oll > 1}>

Pr ({w I (.0 (@) < m})

+Pr ({0 M < supp_go 1 1w (. 6)] 7 )
<e+e

because:
o Pr ({w b (w, 0 ()]t < M}) < e by (10).
e and Pr ({w M <supjg_gy)>1 |y (w,G)Hfl}> < e by (9).

Appealing one more time to the definition of o, (1) and convergence in
probability, proves the theorem.
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Asymptotic Distribution of Nonlinear Estimators

Introduction

@ We now turn to the asymptotic distributional properties of extremal
or M estimators.

@ Focusing on GMM estimators, we analyze the choice of the:

@ weighting matrix, which balances the orthogonality conditions when
there are overidentifying restrictions.

@ optimal instruments, used in an |V context.

© orthogonality conditions, to achieve the asymptotic lower bound.

Miller (Structural Econometrics) Lecture 10 November 2026 11 /22



Asymptotic Distribution of GMM estimators

The underlying probability space

@ To analyze the stochastic properties of GMM estimators, we
introduce notation to make explicit their dependence on the history
created by revealing an ever-increasing data set.

o We denote by:

e w € (), a path that a complete history could take.

JF1 C F> C ..., an increasing sequence of o-algebras, to represent
potential for gathering information with N =1,2,....

P, a probability measure associated with the measure space (Q}, F, P).
Xn (W), a vector of random variables measurable with respect to 7,
showing what is gathered.

w € O, the particular draw of history upon which all data is based.

Xp (@), the nt observation of the unfolding history @.

0y € ©, the parameter determining the DGP.
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Asymptotic Distribution of GMM estimators

Defining GMM estimators as the solution to a set of equations

@ Armed with this new interpretation of the data, recall the "normal
equations" definition of a GMM estimator for 8y is found by solving:

0=A} (@ Zf Oy (@)

where Ay, (@) converges in probability to:

1 & af (X, (@).00 (@)
(/v L 30 ) An (@)

n=1

which is the FOC for minimizing:

Ly
=Y fF (X (@
Nn:l !

with respect to 0.

!/
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Asymptotic Distribution of GMM estimators
More notation

o Denote by:
on (@) = Liaf(x"(?e' W (@)
Dy = E gg(Xn(w),Go)]
Iy (@) = ,bﬁ_le [F (X0 (@), 60 (@) F Xy (@) 0w (@)
5 = ,_im E [F (X, () .00) F (X () ,60)'

@ In constructing Ly (@), note that the n — j sequence is
N,N—1,...,1whereasitis...n+1,n,n—1,...in Xg, population
analogue.
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Asymptotic Distribution of GMM estimators

Some assumptions

e Given g € ® and f (x,60) : R?P x @ — RY, we assume that a LLN
guarantees:

Ov (@) 26 Ay (@) B> A  Dy(@) 2Dy Ty(@) D%

for some appropriately defined g X g matrix Ag.

@ We also assume a CLT ensures:

N
2 < N (0, %)

ﬂ\

@ To simplify notation, we subsume sample dependence on @ and write:
Xpn = X,, <C’D) AN = AN (C’D) DN = DN <L’D) T\I = ATV (&)

0=AyN Z (x0,0n)  Oy=0y(@w) Zy=Zy ()
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Asymptotic Distribution

Main result

@ The assumptions above imply:
N2 DhA = A
and:
VI (6 —B6) %> N (0, (A5Do) " ASZoAy (A5 o) )

@ Note:
Yo = (A5Do) " ASZoAs (AsDo) Y

which can be estimated with:

¥y = [AyDn] " AYENAY [AyDn]
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Asymptotic Distribution

Examples

@ For example if Ay is the identity matrix, then:
i = DiAw = D}
and ¥y simplifies to:
-1 -1
[DyDn] ™~ DyEnDy [DyDy] Y

@ Another alternative is to set Ay = Z,T,l, or more generally a
consistent estimator of . Then:
Q Ay 2t
Q Ay 2 pyyst = A
Q ALZnAY D DiEiEeE Dy = DiTy Dy,
Q =¥ 2 (A3Dy) ! Dyzg Dy (AyDy) Y = (0625100)_1.
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Asymptotic Distribution

Taylor series expansion

@ Subsuming the dependence on w € () the FOC or normal equations

can be expressed:
N

L1
0= ANN Z f(Xn,GN)
n=1

@ It follows from the mean value theorem that there exists some 5N on
the linear interval connecting 8y to 0y such that:

1 N
LHS = —Ay—— Y f (xn 60)
\/anl
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Asymptotic Distribution

Outline of proof

@ We show below that:
1 N
LHS = AS —— f (x,,00)+ o0, (1
b7 L G0 + 05 (1)

RHS = [A5Dqy + 0, (1)] V/N (8 — o)
@ Then we prove that equating the LHS to the RHS implies:

1 N
Al —— f(Xn,G()) = A*Do\/N(QN —90) + o0 (1)
Omr; 0 P

@ Since random variables differing by o, (1) have the same asymptotic
distribution:
AsDoV/N (B — 60) 2 N (0, A3Z0A3)
and hence:
VN (6 — 80) > N (0, (A3 Do) " AjZoAy' (A3D0) )
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Asymptotic Distribution
The LHS

LHS

1 N
AN —— f(x, 0
v )
A Ly f 0 A 1 ¢ f 0
0—— Xn + A 5) —— Xn,
67 L F G 00) 4 (Ai = A) 7 12 3. 60)
1 Y 1 Y
As—— Y F (x0,00) + 0p (1) —— Y £ (xn, 0)
anl anl
1 N
AZ)FiN Z f (%n, 00) + 05 (1) Op (1)
n=1
1 N
A Z f (xn,00) + Op (1)
Nn:1
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Asymptotic Distribution
The RHS

N of x,,,g
Ax’\%g (ae N> (65 = 6o)
= [A5+0, (1)][Do + 0p (1)] VN (6 — o)
= [ASD()—FOP (1)]”(9/\/-90)

RHS

[Ao + 05 (1)][Do + 0, (1)]

= A3Do+ 0, (1) A3 + 0, (1) Do + 02 (1)
= AiDo+0,(1)
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Asymptotic Distribution
Equating the LHS and the RHS

o Equating the expressions for the LHS and the RHS we obtain:
\F Z f (xn,00) + 0, (1) = [A5Do + 0, (1)] VN (O — 60)

e Noting Agﬁ YN L F(xa60) is Op (1) it follows by a simple
contradiction argument that /N (8 — 6p) is also O, (1), so:

\/>Zf Xn, 00)

= [A5Do+0p (D] VN (0n — 60) + 0, (1)

= A3DoVN (On — 60) + 0, (1) V'N (6 — 60) + 0, (1)
= A3DoVN (0n — 60) + 0, (1) Op (1) + 0, (1)

= ASDoV'N (8 —60) + 0, (1)
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