
The previous lecture showed that the 
optimal bidding strategy in auctions is 
often quite complicated. However when 
the valuations of bidders are 
independently and identically distributed, 
we can derive the optimal bidding 
strategy by exploiting the revenue 
equivalence theorem. This lecture 
explains what the revenue equivalence 
theorem is and shows how it applies.

Lecture 3 
Revenue Equivalence



Revenue equivalence defined

In strategically equivalent auctions, the strategic form 
solution strategies of the bidders, and the payoffs to all 
them, are identical. Are bidders ever indifferent to 
auctions that lack strategic equivalence?
Two auction mechanisms are revenue equivalent if, given 
a set of players their valuations, and their information 
sets, the expected surplus to each bidder and the 
expected revenue to the auctioneer is the same. 
Revenue equivalence is a less stringent condition than 
strategic equivalence. Thus two strategic equivalent 
auctions are invariably revenue equivalent, but not all 
revenue equivalent auctions are strategic equivalent.



Private value auctions
Hidden information is knowledge affecting a bidder’s 
valuation that the other bidders are not privy to.
In the oil exploration experiment we conducted, the hidden 
information of each bidder would be used by the other 
bidders to value the auctioned item if they could. 
Often times however, the hidden information of a bidder 
does not affect the valuations of the other bidders.
For example a contractor’s workload and schedule affects 
his willingness to bid aggressively for a new project, but has 
no bearing on how another contractor values the contract.
In a private value auction the hidden information of each 
bidder does not affect the other valuations.



Revenue equivalence theorem

The revenue equivalence theorem states that in 
private value auctions, the expected surplus to each 
bidder does not depend on the auction mechanism 
itself providing the following conditions are satisfied:

1. Every bidder is risk-neutral. 
2. Valuations are independent and identically distributed.
3. In equilibrium the bidder with highest valuation wins.
4. The lowest possible valuation has zero expected value. 

Note that if all bidders obtain the same expected 
surplus, the auctioneer obtains the same expected 
revenue too.  



Intuition from revenue equivalence

Calibrate your bid to your valuation 
only to the extent that it affects your 
beliefs about the highest valuation of 
the all the other bids.

Working from the assumption that 
yours is the highest valuation, bid high 
enough to induce the next highest 
bidder to make a small expected loss 
in order to beat your bid.



Preferences and Expected Payoffs
Let Pr(vn) denote the probability the nth bidder with 
valuation vn will win the auction when all players bid 
according to their equilibrium strategy.

Let C(vn) denote the expected costs (including any fees 
to enter the auction, and payments in the case of 
submitting a winning bid).

Let:

U(vn)  =  Pr(vn) vn - C(vn) 

denote the expected net value of the nth bidder from 
following his equilibrium strategy when everyone else 
does too.



A revealed preference argument

Suppose the valuation of n is vn and the valuation of j is vj.

The surplus from n bidding as if his valuation is vj is U(vj), 
the value from participating if his valuation is vj, plus the 
difference in how he values the expected winnings 
compared to a bidder with valuation vj, or (vn – vj)Pr(vj). 

The value of n following his solution strategy is at least as 
profitable as deviating from it by pretending his valuation 
is vj. Therefore:

U(vn) > U(vj) + (vn – vj)Pr(vj)



Revealed preference continued
For convenience, we rewrite the last slide on the 
previous page as:

U(vn) - U(vj) > (vn – vj)Pr(vj)

Now viewing the problem from the jth bidder’s 
perspective we see that by symmetry:

U(vj) > U(vn) + (vj – vn)Pr(vn)

which can be expressed as:

(vn– vj)Pr(vn) > U(vn) - U(vj) 



A fundamental equality
Putting the two inequalities together, we obtain: 

(vn – vj) Pr(vn)> U(vn) - U(vj) > (vn – vj) Pr(vj)

Writing:
vn = vj + dv

yields:

which, upon integration, yields:

This last formula shows the surplus from winning the 
auction does not depend on the bidding rules, thus 
proving the revenue equivalence theorem. 
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Steps for deriving expected revenue

The expected revenue from any auction 
satisfying the conditions of the theorem, is the 
expected value of the second highest bidder.
To obtain this quantity, we proceed in two 
steps:

1. derive the probability distribution of the     
second highest valuation 

2. obtain its density and integrate to find 
the mean.



Login Instructions - review
1. Server address: 128.237.104.189 will appear 

automatically after selecting “02_sealed_bid…”. If not 
type 128.237.104.189  in                       .

2. Write a username.
3. Click on “Login”.



Instruction & sealed bid auction window
1. Instruction and auction window appears on your screen.
2. To close the instruction window click on “x”. To retrieve it 

click on “Description”.



Write a bid in First price sealed bid auction
1. Write a number and click Enter.
2. Your bid should be colored in red.
3. Wait for other players in your session to submit a bid.



Summary page for sealed bid auction



Instruction for English auction
1. Only instruction appears on your screen.
2. 60 second is allocated for reading the instructions. To 

continue to the bidding window, click “Continue”.



English auction window
1. Click on your bid .       within 5 seconds.
2. If nobody submits the bid within this period the auction 

is closed.
3. Do not close the window. Wait for the moderator to 

submit the summary page.



Summary page for English auction



Steps for deriving expected revenue

The expected revenue from any auction 
satisfying the conditions of the theorem, is the 
expected value of the second highest bidder.
To obtain this quantity, we proceed in two 
steps:

1. derive the probability distribution of the     
second highest valuation 

2. obtain its density and integrate to find 
the mean.



Probability distribution of the 
second highest valuation

Since any auction satisfying the conditions for the 
theorem can be used to calculate the expected 
revenue, we select the second price auction.
The probability that the second highest valuation is 
less than v is the sum of the the probabilities that:

1.  all the valuations are less than v, or P(v)N

2.  N-1 valuations are less than v and the other 
one is greater than v. There are N ways of 
doing this so the probability is:

NP(v)N-1[1 - P(v)]
The probability distribution for the second highest 
valuation is therefore: NP(v)N-1 - (N - 1) P(v)N



Expected revenue 
from Private Value Auctions
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The probability density function for the second 
highest valuation v is therefore:

N(N –1)P(v)N-2 [1  - P(v)]P’(v)
Therefore the expected revenue to the auctioneer, or 
the expected value of the second highest valuation, 
denoted by      , is: ( )2v



Using the revenue equivalence theorem 
to derive optimal bidding functions

We can also derive the solution bidding strategies 
for auctions that are revenue equivalent to the 
second price sealed bid auction.
Consider, for example a first price sealed bid 
auctions with independent and identically 
distributed valuations.
The revenue equivalence theorem implies that 
each bidder will bid the expected value of the next 
highest bidder conditional upon his valuation being 
the highest.



Bidding in a 
first price sealed bid auction

In a symmetric equilibrium to first price sealed 
bid auction, we can show that a bidder with 
valuation vn bids:
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An example: the uniform distribution
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Suppose valuations are uniformly distributed within a 
closed interval, with probability distribution:

Then in equilibrium, a player with valuation v bids a 
weighted average of the lowest possible valuation and 
his own, where the weights are 1/N and (N-1)/N:
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Comparison of bidding strategies

The bidding strategies in the first and second 
price auctions markedly differ. 
In a second price auction bidders should submit 
their valuation regardless of the number of 
players bidding on the object. 
In the first price auction bidders should shave 
their valuations, by an amount depending on the 
number of bidders.



Principles for Bidding in Auctions
To summarize:
1. Assume your own valuation is the high enough to win, 

and bid high enough to pay the break-even value of the 
highest losing bid. 

2. Shave your bid to account for the winner’s curse if you 
don’t know your own valuation but only have a signal.

3. Be wary of bidding with less knowledge than your rivals.
4. The greater the number of bidders the less opportunities 

there are for profit.
5. In a second price auction bid your valuation, and in an 

ascending auction, up to your valuation, if you know it.
6. Bid the same way in a first price sealed bid auction as a 

descending auction.
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